Translation invariant pure states and its split property 



Anilesh Mohari 
The Institute of Mathematical Sciences, 
CIT CAMPUS, TARAMANI, CHENNAI-600113 
anilesh@imsc.res.in 

Date: 6th Nov, 2009 
Abstract 

A translation invariant state in quantum spin chain is determined uniquely 
upto isomorphism by a Markov map on the support projection of an associated 
Cuntz's state. We prove that Kolmogorov's property of the Markov map is a 
necessary and sufficient condition for such a state to be pure. Kolmogorov's 
property naturally give rise to a Mackey's system of imprimitivity for the group 
of integers. A duality argument originated from non- commutative probability 
theory is employed to prove an elegant alternative necessary and sufficient 
condition for pureness. Main result of this theory made it possible to prove 
Haag duality property of any translation invariant lattice symmetric pure state. 
Further such a real state is split if special correlation function decays exponen- 
tially. The last statement proves T Matsui's conjecture on split property for a 
translation invariant real lattice symmetric pure state. 
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1 Introduction: 



Let {Ar, 9r, cur) be a C*-dynamical system of endomorphism, where Ar be a 
C*-algebra, 6 be an injective unital endomorphism and cor be a ^^-invariant 
state. Let {A, 9, uj) be the C* inductive hmit of Ar -^^'^ Ar with induc- 
tive hmit state as a; on ^ and be the associated automorphism. The map 
ujr ^ o; is one to one and affine on the convex set of ^ij-invariant states on Ar 
and thus an 6r invariant factor state goes to an ^-invariant factor state. How- 
ever such a statement for pure states is not true. One general mathematical 
problem [Powl,Pow2,Ar2,BJP,BJKW] in non-commutative ergodic theory in 
C*-dynamical systems is addressed on these questions and looked for an useful 
criteria for the inductive limit state uj to be pure. There is a striking simi- 
larity between the construction of inductive limit states [Sa] associated with 
an invaraint state of an injective unital endomorphism on a C*-algebra and 
Kolmogorov's constrcution of stationary Markov processes [AcM] associated 
with an invariant state of a Markov map. Exploring this in [Mo2] we have 
obtained a sufficient condition in terms of Kolmogorov's property of an associ- 
ated Markov semigroup (A1, r, 0o) on the support projections of the state ujr 
in the GNS space associated with lor. It seems that such a criteria is also new 
to classical situation where Ar is a commutative C*-algebra. Such a classical 
situation includes classical interacting particle systems [Li]. 

In this paper our interest is to deal with the same problem however in a 
special case where Ar — <E)^+Md(C) is the C* -completion of the infinite tensor 
product of the algebra M(i(C) of d by d complex matrices and Or be the right 
shift on Ar. Ar is a UHF ( Uniformly Hyper Finite ) C* algebra of Ghmm 

type ((i" : n > 1). Pure states on a UHF algebra are studied in the general 
framework of [Powl],[Pow2] also in [Ar2],[Mo2]. The *-automorphism group 
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of UHF acts transitively on the set of pure states [Fowl]. Such a situation 
has been investigated in details at various degrees of generality in [BJP] and 
[BJKW] with primary motivation to develop a C* algebraic method to study 
iterative function systems and its associated wavelet theory. One interesting 
result in [BJP] says that any translation invariant pure state on Ar is also 
a product state and the canonical endomorphism associated with two such 
states are unitarily equivalent. However such a statement is not true for two 
translation invariant pure states on A as their restriction to Ar need not be 
isomorphic. Thus the problem, classification of all translation invariant pure 
state on A upto unitary isomorphism, is a delicate one. Since a 9 invariant 
states a; on ^ is completely determined by its restriction ur to Ar, in principle 
it is possible to describe various property of uj including pureness by studing 
certain properties of their restriction ujr. Since pureness of ujr is not necessary 
for pureness of a;, a valid fundamental question that arise here: What are the 
parameters that determines both uo and ujr uniquely and how these paremeters 
determines properties of u) and ujrI 

The papers on translation invariant 'quantum Markov states' [Ac] or 
'finitely correlated states' [FNW1,FNW2] prove existence of a canonical quan- 
tum dynamical semigroup on matrix algebra. Exploring Popescu's work on 
representation theory of Cuntz algebra [Cu], Bratteli, Jorgensen and Price 
[BJP] developed a general method valid for any translation invariant state. In 
a follow up paper Bratteli, Jorgensen, Kishimoto and Werner [BJKW] studied 
associated Popescu systems in details and a duality argument is used towards 
the same problem for A. Theorem 7.1 in [BJKW] has aimed towards a sufficient 
condition on the associated Popescu elements for purity of the translation in- 
variant state. However the proof is faulty as certain argument is not symmetric. 
Lemma 7.6 in [BJKW] needs additional assumption related to the support pro- 
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jection of the dual Cuntz's elements. Besides this additional structure proof of 
Lemma 7.8 in [BJKW] is also not complete unless we find a proof for M. — M.' 
( we retained same notations here in the text) for such a factor state cu. Thus 
main body of the proof for Theorem 7.1 in [BJKW] is incomplete. 

Here we will retain the same framework but deviate from the main argument 
used in [BJKW] to prove that one of the additional condition namely M — M.' 
has no relation with purity of u. Our main mathematical results in Theorem 3.5 
include a necessary and sufficient condition on support projections of associated 
Cuntz's states for purity of cu. We arrived at this criteria by proving first that 
Kolmogorov's property of the canonical Markov map is necessary and sufficient 
for purity of cu and thus finds it's natural relation to Mackey's systems of 
imprimitivity for the group of integers. Using uniqueness part of Mackey's 
theory we prove necessary part of the refined criteria which has originated 
from [BJKW] . The argument used in the proof is rather dehcate as it involves 
Hausdorff maximality theorem. 

Further we prove that Haag duality property for such a pure state holds if 
and only if A4' — M.. Such an equahty i.e. M' — M. can be ensured if u is also 
lattice symmetric. This additional symmetry helps us to reformulate relations 

between split property and decaying property of special correlation functions 
of a real state as a problem in the GNS Hilbert space (see details below) . 

We briefly set the standard notation and known relations in the following 
text. The quantum spin chain that we consider here is described by a UHF 
C*-algebra denoted by ^ = ■ Here A is the C* -completion of the 

infinite tensor product of the algebra Mrf(C) of d by c? complex matrices, each 
component of the tensor product element is indexed by an integer j. Let Q be a 
matrix in M(i(C). By Q'^^'> we denote the element ...®1®1...1®Q®1® ...1®., , ., 
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where Q appears in the j-th component. Given a subset A ofZ, A\ is defined 
as the C*-subalgebra of A generated by all Q'^^'> with Q e M^p), j G A. We 
also set 

A:|A|<oo 

where |A| is the cardinality of A. Let a; be a state on A. The restriction 
of uj to is denoted by uj\. We also set ujr — a;[i_oo) and ujl — a;(_oo,o]- 
The translation 6k is an automorphism of A defined by 9k{Q^-'^) = Q^^^^\ 
Thus 9i,9-i are unital *-endomorphism on Ar and Al respectively. We say 
CO is translation invariant if a; o ^^j. = a; on ^ ( a; o = a; on ^ ). In such 
a case {Ar,9i,u!r) and {Al,9-i,u!l) are two unital *-endomorphisms with 
invariant states. It is well known [Powl] that translation invariant state cu is 
a factor (i.e. the GNS representation is a factor representation ) if and only if 
limit|fe|^oo'^(Qi^A:(Q2)) ^{.Qi)^{.Q2) for all Q11Q2 in A. Similar statement 
with appropriate direction of limit is valid for ujl^ujr. Thus for a translation 
invariant factor state uj of A, states ujr and ujl are factors too. Converse is 
also true. 

However for a translation invariant pure state uj on A, the factor state 
[Ar, ujr) need not be pure or even type-I in general. The unique ground state 
UJ for XY model [Mai] is a pure state on A for which {Ar, ujr) is type-IIIi. A 
general question that is central here when can we guarantee that ujr{ujl) are 
type-I factors? To that end we recall [BR,Ma2] a standard definition of a state 
to be spht in the following. 

DEFINITION 1.1: Let a; be a translation invariant state on A. We say 
that UJ is split if the following condition is valid: Given any e > there exists 
a A; > 1 so that 
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suP||Q||<i|c^((3) <e (1-1) 

where the above supremum is taken over all local elements Q e ^(-oo,-fc]u[fc,oo) 
with the norm less than 1. 

Here we recall few simple facts from [Fowl, BR, Mai, Ma2]. The uniform 
cluster condition is valid if and only if the state a; is quasi-equivalent to the 
product state ■0^, ® ipu of a state ipL of Al and another state ipR of Ar. Thus 
a Gibbs state of a finite range interaction is split. On the other hand if a; is a 
pure translation invariant state, then a; is a factor state. Furthermore in such 
a case ujr{ujl) is type-1 if and only if u is also a split state. The canonical trace 
is a non-pure split state and unique ground state of XY model [AMa,Ma2] is a 
non-split pure state. One central aim is to find a criteria for a pure translation 
invariant state to be split. To that end we present a precise definition for 
exponential decay. 

DEFINITION 1.2: Let a; be a translation invariant state on one dimen- 
sional spin chain A. We say the two point spacial correlation functions for cu 

decay exponentially if there exists a 5 > so that 

e"'HQiek{Q2))-u;{Q,)iv{Q2)\ ^ (1.2) 

as — > oo for any local elements Qi,Q2 £ A. 

A translation invariant state cu is said to be in detailed balance if cu is 
lattice symmetric and real (for details see section 3 ). The canonical trace on 
A is both real and lattice symmetric. This notion of detailed balance state 
is introduced as an reminiscence of Onsager's reciprocal relations explored in 
recent articles [AM,Mol,Mo2] on non-commutative probability theory. Here 
we also recall well known notion [DLS] that a state a; on ^ is called reflection 
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positive if uj{xj{x)) > for all x e Ar where J' is the reflection map from 
Ar onto Al- As an application of our main result Theorem 3.5 we have the 
following theorem. 

THEOREM 1.3: Let a; be a pure translation invariant lattice symmetric 
state on A. Then the following hold: 

(a) u admits Haag duality property i.e. 7rtj(^_R)' = 71i_o{Al)"', 

(b) If uj is also real then 

(i) cu is reflection positive; 

(ii) If two point spacial correlation function for cu decays exponentially then cu 
is a split state i.e. n^{AR)" is a type-I factor. 

The paper is organized as follows. In section 2 we study Popescu systems 
associated with a translation invariant state on Cuntz algebra Od and review 
'commutant lifting theorem' investigated in [BJKW]. The proof presented here 
remove the murky part of the proof of Theorem 5.1 in [BJKW]. In section 3 
we explore both the notion of Kolmogorov's shift and intimate relation with 
Mackey's imprimitivity systems to explore a duality argument introduced in 
[BJKW] . We find a useful necessary and sufficient condition in terms of support 
projection of Cuntz's state for a translation invariant factor state a; on ^ 
to be pure. The criteria on support projection is crucial to prove our main 
mathematical result Theorem 3.5 and its application Proposition 3.9. Proof 
of Theorem 1.3 appeared in Theorem 3.10 and Theorem 4.4. The criteria also 
find its non-trivial application towards an elegant criteria for phase transition in 
ground states [Mo3] for some prime Hamiltonian such as half-odd integer XXX 
anti-ferromagnetic Heisenberg model in one dimensional lattice quantum spin 
chain. However we defer the application and refer the interested reader to drafts 
[Mo3] where we deal with a general theory motivated by results [AL],[AKLT] 
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towards Haldane's conjecture on ground states of anti-ferromagnets. Appendix 
includes central results used here from non-commutative probability theory. 

Acknowledgments: This paper has grown over the years starting with initial 
work in the middle of 2005. The author gratefully acknowledge discussion with 
Ola Bratteli and Palle E. T. Jorgensen for inspiring participation in sharing 
the intricacy of the present problem. Finally the author is indepted to Prof. 

Taku Matsui for pointing out a fatel error in an earlier draft of the present 
problem where the auther made an attempt to prove Haag duality. 

2 States on Od and the commutant lifting the- 
orem 

First we recall that the Cuntz algebra Od{d e {2, 3, .., }) is the universal C*- 
algebra generated by the elements {si, S2, Sd} subject to the relations: 



There is a canonical action of the group U {d) of unitary d x d matrices on 




= 1. 



l<i<d 




l<j<d 

for g = {{g]) e U{d). In particular the gauge action is defined by 



zSi, z E T = = {z E C : \z 



!}• 



If UHF(i is the fixed point subalgebra under the gauge action, then UHF(i is 
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the closure of the hnear span of all wick ordered monomials of the form 
which is also isomorphic to the UHF^ algebra 

so that the isomorphism carries the wick ordered monomial above into the 
matrix element 

4(1) ® 4-2(2) ® .... ® eilik) ® 1 ® 1.... 
and the restriction of Pg to U HF^ is then carried into action 

Ad{g) ® Ad{g) ® Ad{g) ® .... 

We also define the canonical endomorphism A on Od by 

l<i<d 

and the isomorphism carries A restricted to UHF^ into the one-sided shift 

on Of^Mrf. Note that A/5g = /5gA on UHF^. 

Let d e {2, 3, .., , ..} and be a set of d elements. X be the set of finite 
sequences / = (^1,^2, ■■■,im) where G and m> 1. We also include empty 

set e X and set = 1 = s^, Sj = Si^ Si^ G Od and s} = s*^...s*^ G Od- In 

the following we recall a commutant lifting theorem ( Theorem 5.1 in [BJKW] 
), crucial for our purpose. 

THEOREM 2.1: Let Vi,V2,--,Vd be a family of bounded operators on a 
Hilbert space K, so that '}li<k<d'^kVk — I- Then there exists a unique up to 
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isomorphism Hilbcrt space 7i, a projection P on K, and a family of isometries 
{Sk '■, 1 < k < d, P} satisfying Cuntz's relation so that 

PSIP = SIP = vl (2.1) 

for dX\ 1 < k < d and /C is cyclic for the representation i.e. the vectors 
{SiK : |/| < oo} are total in Ti. 
Moreover the following hold: 

(a) h-n{P) t as n t oo; 

(b) For any D e Br{lC), An{D) X' weakly as n ^ oo for some X' in 
the commutant {Sk,Sl, : 1 < k < d}' so that PX'P = D. Moreover the 
self adjoint elements in the commutant {Sk, S^ : 1 < k < d}' is isometrically 
order isomorphic with the self adjoint elements in Bt{)C) via the surjective map 
X' PX'P, where B^(/C) ^ {x E B{1C) : T.i<k<dVkXvl = x}. 

(c) {vk,vl, 1 < < rf}' C Br{)C) and equality hold if and only if P e 
{Sk,Sk, l<k<d}". 

PROOF: Following Popescu [Po] we define a completely positive map R : 
O, ^ B{IC) by 

R{sis})^viv} (2.2) 

for all |/|, I J| < oo. The representation Si,..,Sd of Od on Ti thus may be 
taken to be the Stinespring dilation of R [BR, vol- 2] and uniqueness up to 
unitary equivalence follows from uniqueness of the Stinespring representation. 
That /C is cyclic for the representation follows from the minimality property 
of the Stinespring dilation. For (a) let Q be the limiting projection. Then we 
have A{Q) = Q, hence Q G {Sk,Sl}' and Q > P. In particular QSjf = Sjf 
for all / G /C and \I\ < oo. Hence Q = I hj the cyclicity of /C. For (b) 
essentially we defer from the argument used in Theorem 5.1 in [BJKW]. We 
fix any D G B^(/C) and note that PAk{D)P = rk{D) = D for any A; > 1. Thus 
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for any integers n > m we have 

Hence for any fix m > 1 limit < f,An{D)g > as n ^ oo exists for all f,g & 
Am{P)- Since the family of operators An{D) is uniformly bounded and A„i{P) T 
/ as m — cxD, a standard density argument guarantees that the weak operator 
limit of An{D) exists as n — > oo. Let X' be the limit. So A{X') — X', by 
Cuntz's relation, X' e {Sk, : 1 < k < k}'. Since PA„(D)P = D for all 
n > 1, we also conclude that PX'P — D hy taking limit n — > oo. Conversely 
it is obvious that P{Sk,Sl : k > 1}'P C BrilC). Hence we can identify 
P{Sk, SI: k>l}'P with Br{IC). 

Further it is obvious that X' is self-adjoint if and only if D = PX'P is self- 
adjoint. Now fix any self-adjoint element D e Br{]C). Since identity operator 
on K, is an element in Bt{1C) for any ck > for which —aP < D < aP, we 
have aAn{P) < A„(D) < q;A„(P) for all n > 1. By taking hmit n — > oo we 
conclude that —al < X' < al, where PX'P = D. Since operator norm of a 
self-adjoint element /I in a Hilbert space is given by 

\\A\ \ ~ infQ>o{Q; : —al < A< al} 

we conclude that \\X'\\ < \\D\\. That \\D\\ = \\PX'P\\ < \\X'\\ is obvious, 
P being a projection. Thus the map is isometrically order isomorphic taking 
self-adjoint elements of the commutant to self-adjoint elements oiBr^lC). 

We are left to prove (c). Inclusion is trivial. For the last part note that for 
any invariant element D in i3(/C) there exists an element X' in {S'fc,S'^, 1 < 
k<d]' so that PX'P = In such a case we verify that Dvl = PX'P SIP = 
PX'SIP = PSIX'P = PSIPX'P = vlD. We also have D* e B^(/C) and thus 
D*vl = vlD*. Hence D e {vk,vl : 1 < k < d}'. Since PT:c{Od)'P = B(/C)^, 
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wc conclude that B{K,)r Q M.'- Thus equahty hold whenever P e {Sk, S^, 1 < 
k < d}". For converse note that by commutant lifting property self-adjoint 
elements of the commutant {Sk,Sl, 1 < k < d}' is order isometric with the 
algebra M' via the map X' PX'P. Hence P e {Sk, S^l < k < d}" by 
Proposition 4.2 in [BJKW]. ■ 

A family {vk,l < k < d) oi contractive operators on a Hilbert space /C is 
called Popescu's elements and dilation (7Y, P, /C, Sk, 1 < k < d) in Theorem 2.1 
is called Popescu's dilation to Cuntz elements. In the following proposition we 
deal with a family of minimal Popescu elements for a state on Od- 

THEOREM 2.2: There exists a canonical one-one correspondence between 
the following objects: 

(a) States -0 on Od 

(b) Function C : T x T C with the following properties: 

(i) C(0,0) = 1; 

(ii) for any function A : X — > Z7 with finite support we have 

Y: W)c(i, j)a( j) > 

(iii) Eie^, C{Ii, Ji) = C{I, J) for all I,JeX. 

(c) Unitary equivalence class of objects (/C, Vi, .., v^) where 

(i) /C is a Hilbert space and Q is an unit vector in /C; 

(ii) vi,..,Vde B{1C) so that EiG^^ viv* = 1; 

(iii) the linear span of the vectors of the form v*^^., where / G X, is dense in K,. 

Where the correspondence is given by a unique completely positive map 
R:Od^ B{IC) so that 
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(i) R{sis*j) = viv*j- 

(ii) ij{x) =< n,R{x)fl >; 

(iii) ^(s/s}) = C(I, J) =< v*jn,v*jn > . 

(iv) For any fix g & Ud and the completely positive map Rg : Od ^ 

B{1C) defined hj Rg = R o jSg give rises to a Popescu system given by 
(/C,0,/3g(vi), ..,(5g{vd)) where (5g{vi) = Ei<j<d9jVj- 

PROOF: For a proof we simply refer to Proposition 2.1 in [BJKW]. ■ 

The following is a simple consequence of Theorem 2.1 valid for a A- invariant 
state ijj on Od- This proposition will have very little application in main body 
of this paper but this gives a clear picture explaining the delicacy of the present 
problems. 

PROPOSITION 2.3: Let V be a state on Od and {n,TT, n) be the GNS 
space associated with [Od,'^)- We set Si — 7r{si) and normal state ■0f2 on 
7r{Od)" defined by 

MX) =< n,xn > 

Let P be the projection on the closed subspace /C generated by the vectors 
{S*jn : |7| < oo} and 

Vk = PSkP (2.3) 
for 1 < A; < d. Then following hold: 

(a) {v}fl : |/| < oo} is total in /C. 

(b) Ei<k<dVkV*k = P, 

(c) SIP = PSIP for all 1 < A; < d; 

(d) For any / = {ii,i2, ■■■,ik), J = (ii,i2, with |/|, \J\ < oo we have 



ip{siSj) =< fl,viVjQ > 



(2.4) 
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and the vectors {Sjf : / G /C, |/| < 00} are total in the GNS Hilbert space 
associated with {Oa, Further such a family (/C, v^, 1 < k < d, u) satisfying 

(a) to (d) are determined uniquely upto isomorphism. 

Conversely given a Popescu system (/C, v^, 1 < k < d,fl) satisfying (a) and 

(b) there exists a unique state on Od so that (c) and (d) are satisfied. 
Furthermore the following statements are valid: 

(e) If the normal state (l)o{x) —< Q,xQ > on the von-Neumann algebra M. — 
{vi,v*}" is invariant for the Markov map t{x) = '}2i<k<d'^i^'^i-i x & A4 then ip 
is A invariant and 4>o is faithful on J\4. 

(f) If P e then following are equivalent: 

(i) ip is an ergodic state for {Od, A); 

(ii) (A^,T, 0o) is ergodic. 

In such a case Al is a factor. 

PROOF: We fix a state t/j and consider the GNS space {H, tt, Q) associated 
with {Od, "0) and set Si — 7r(sj). It is obvious that S^P C P for all 1 < A; < d, 
thus P is the minimal subspace containing D, and invariant by all {S^.; 1 < 
k < d} i.e. 

PSIP = SIP (2.5) 

Thus = PSIP = S^P and so Efc Vkvl = Efc PSkS^P = P which is identity 
operator in JC. This completes the proof of (a) (b) and (c). 

For (d) we note that 

'ijj{sis*j) =< n, SiS*jn > 



=< n, pSiSjPn >=< n, vjvyn > 
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Since Ti is spanned by the vectors {SiSjVL : |/|, | J| < 00} and /C is spanned 
by the vectors {S*jVt — v*jVt : |/| < 00}, /C is cychc for Si i.e. the vectors 
{SilC : \I\ < 00} spans Ti. Uniqueness up to isomorphism follows as usual by 
total property of vectors VjQ in /C. 

Conversely for a Popescu systems (/C, satisfying (a) and (b), we con- 
sider the family {H, Sk, I < k < d, P) of Cuntz's elements defined as in Theo- 
rem 2.1. We claim that f2 is a cyclic vector for the representation 7r(s,j) Si. 
Note that by our construction vectors {Sif,f e : |/| < 00} are total in 
H and v}Q — S}Q for all |J| < 00. Thus by our hypothesis that vectors 
{v}Q : \I\ < 00} are total in /C, we verify that vectors {SjS}Q : |/|, | J| < 00} 
are total in H. Hence Q is a cyclic for the representation Si of O^- 

We left to prove (e) and (f). It simple to note by (d) that tpX — t/j i.e. 

^ < Q, SiSiS*jS*n >^J2<n, ViViv^n > 

i i 

=< Q, viv*jn >=< Q, SiS*jn > 

for all |/|, I J| < 00 where in the second equality we have used our hypothesis 
that the vector state 0o on M. is r-invariant. In such case we aim now to show 
that 00 is faithful on A^. To that end let p' be the support projection in Ai for 
T invariant state 0o- Thus 0o(l— p') = i.e. p'Q = Q and by invariance we also 
have (t)Q{p'T{l —p')p') = 0o(l — p') — 0. Since p'ril —p')p' > and an element 
in Ai, by minimality of support projection, we conclude that p'r{l —p')p' = 0. 
Hence p'Q = fl and p'v'^p' = v^p' for all 1 < A; < d. Thus p'vjQ = VjQ for all 
|/| < 00. As /C is the closed hnear span of the vectors {v}fl : |/| < 00}, we 
conclude that p' — p. In other words 0o is faithful on A4. This completes the 
proof for (e) . 

We are left to show (f ) where we assume that P e 7r{Od)"- ^ being a cychc 
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vector for 7r{Od)", the weak* limit of the increasing projection A^{P) is /. Thus 
by Theorem 3.6 in [Mol] we have n{Od)", A, V'n) is ergodic if and only if the 
reduced dynamics {A4, r, 0o) is ergodic. Last part of the statement is an easy 
consequence of a Theorem of D. E. Evans [Ev], (also see [Fr], [Mol], [BJKW]). 
■ 

Before we move to next result we comment here that in general for a A 
invariant state on the normal state (pQ on Ai = {vk, vl : 1 < k < d}" 
need not be invariant for r. To that end we consider ( [BR] vol- 1 1 page 110 
) the unique KMS state ip — ipi3 for the automorphism at{si) — e^^Si on O^- 
tp is X invariant and ■0|UHFd is the unique faithful trace. V being a KMS 
state for an automorphism, the normal state induced by the cyclic vector on 
7r^(0rf)" is also separating for 7r{Od)". As ip^z = for all z & we have 

< n,7r(s7)f) >=< ^l,/3z{si)^l >= z^^^ < 0,7r(s/)0 > for all z e and so 

< Q,7r{si)Q >— for all |/| > 1. In particular < Q,v}Q >— where (vi) 
are defined as Proposition 2.3 and thus < ViQ, v}0, >—< v*vifl >— for 
all 1 < i < d. Hence ViO, — 0. By Proposition 2.3 (e), is separating for A4 
and so we get f « = for all 1 < i < d and this contradicts that I^jfjf* = 1. 
Thus we conclude by Proposition 2.3 (e) that 4>o is not r invariant on A4. This 
example also indicates that the support projection of a A invariant state ip in 
7r{Od)" need not be equal to the minimal sub-harmonic projection P i.e. the 
closed span of vectors {S}il : |/| < oo} containing O and {vjv} : |/|, | J| < oo} 
need not be even an algebra. 

Now we aim to deal with another class of Popescu elements associated 
with an A-invariant state on Od- In fact this class of Popescu elements will 
play a significant role for the rest of the text and we will repeatedly use this 
proposition! 
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PROPOSITION 2.4: Let (H, n, fl) be the GNS representation of a A in- 
variant state ip on Od and P be the support projection of the normal state 
i^niX) —< Q,XQ > in the von-Neumann algebra 7r{Od)". Then the following 
hold: 

(a) P is a sub-harmonic projection for the endomorphism A{X) — J2k ^kXS^ 
on 7r(Od)" i-e. A(P) > P satisfying the following: 

(i) A„(P) I / as n I cxd; 

(ii) PS;P = S;P, l<k<d; 

(iii) Ei<k<dVkV*k = I 

where — 7r(sfc) and Vk — PS^P for 1 < /c < d; 

(b) For any I = (ii, ^2, 4), J = (ji, J2, ■-, j'O with |/|, | J| < oo we have 
tlj{sjSj) —< Q,vjv*jQ > and the vectors {Sjf : / e /C, |/| < oo} are total in 

n; 

(c) The von-Neumann algebra M. — P7r{Od)"P, acting on the Hilbert space 
/C i.e. range of P, is generated by {vk,vl : 1 < k < d}" and the normal state 
(/)o{x) =< Q,xQ > is faithful on the von-Neumann algebra Ai. 

(d) The self-adjoint part of the commutant of 7r((9d)' is norm and order iso- 
morphic to the space of self-adjoint fixed points of the completely positive 
map T. The isomorphism takes X' e 7r(Cd)' onto PX'P e ^^-(/C), where 
BriJC) = {xe i3(/C) : EkVkXvl = x}. Furthermore M' = Br{IC). 

Conversely let At be a von-Neumann algebra generated by a family {vk : 
1 < < d} of bounded operators on a Hilbert space /C so that J^k'^kV^ = 1 
and the commutant A4' — {x & B{K,) : Y^k'^k^'^k — Then the Popescu 
dilation P,Sk, i < k < d) described in Theorem 2.1 satisfies the following: 

{\)Pe{Sk,si i<k<dY- 
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(ii) For any faithful normal invariant state 0o on M. there exists a state ip on 
Od defined by 

iIj{sjSj) = (j)o{vjVj), |/|, I J| < oo 

so that the GNS space associated with (7W, 0o) is the support projection for ip 
in 7r{Od)" satisfying (a)-(d). 

Further for a given A-invariant state ip, the family {JC,Ai,Vk 1 < k < d, 0o) 
satisfying (a)-(d) is determined uniquely upto unitary conjugation. 

(e) (j)Q is a faithful normal r-invariant state on A4. Furthermore the following 
statements are equivalent: 
(i) (Od, A, ijj) is ergodic; 
(n) (7V(,r, 0o) is ergodic; 

(iii) /A is a. factor. 

PROOF: A(P) is also a projection in 7r^{Od)" so that ?/;q(A(P)) = 1 by 
invariance property. Thus we have A(P) > P i.e. PA(/ — P)P = 0. Hence we 
have 

PSIP = SIP (2.6) 

Moreover by A invariance property we also note that the faithful normal state 
(poi-c) =< fl, xfl > on the von-Neumann algebra A4 — PTr^{Od)"P is invariant 
for the reduce Markov map [Mol] on M. given by 

t{x) = PK{PxP)P (2.7) 

We claim that hm„|ooA"(^) = I- That {A"(P) : n > 1} is a sequence of 
increasing projections follows from sub-harmonic property of P and endomor- 
phism property of A. Let the limiting projection be Y . Then A(y) = Y and so 
Y e {Sk, S^y. Since by our construction GNS Hilbert space 7Y^^ is generated 
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by SjS^n, F is a scaler, being a non-zero projection, it is the identity operator 
in H^^. 

Now it is routine to verify (a) (b) and (c). For the first part of (d) we 
appeal to Theorem 2.2. For the last part note that for any invariant element 
D in B{JC) there exists an element X' in 7r(Od)' so that PX'P — D. Since 
P e 7r{Od)" we note that (1 - P)X'P = 0. Now since X' e {Sk, S^}', we verify 
that Dvt = PXPSIP = PXSIP = PSIXP = PStPXP = vlD. Since D* e 

t\! f\j f\y rii f\j fV 

BriK) we also have D*vl = vlD* . Thus D e {vk, : 1 < k < d}' = M'. Since 
PT^0j{Od)'P — B{K)r-i we conclude that B{K)r Q M.'. The reverse inclusion is 
trivial. This completes the proof for (d) . 

For the converse part of (i), since by our assumption and commutant lifting 
property self-adjoint elements of the commutant {Sk, S^.,! < k < d}' is order 
isometric with the algebra M' via the map X' PX'P, P e {Sk, S]:, 1 < 
k < d}" by Proposition 4.2 in [BJKW]. For (ii) without loss of generality 
assume that (f)o{x) —< fl, xfl > for all x e and Q is a cyclic and separating 
vector for A4. ( otherwise we set state tlj{siSj) — (f)o{viv}) and consider it's 
GNS representation ) We are left to show that Q is a cyclic vector for the 
representation 7r(sj) Si. To that end let Y e 7r(Crf)' be the projection on 
the subspace generated by the vectors {SjS}fl : |/|, | J| < oo}. Note that P 
being an element in 7r{Od)", Y also commutes with all the element P7r{Od)"P — 
PMP. Hence YxQ, = xQ for all x e M. Thus Y > P. Since A„(P) I as 
n t CO by our construction, we conclude that Y — A„(y) > A„(P) f 7 as 
n t oo. Hence Y = I. In other words fl is cyclic for the representation Si —>■ Si. 
This completes the proof for (ii) . 

Uniqueness upto unitary isomorphism follows as GNS representation is de- 
termined uniquely unto unitary conjugation and so its support projection. 
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The first part of (e) we note tliat PSiS}P = vjv} for all |/|, | J| < oo 
and thus M. — P7r{Od)"P is the von- Neumann algebra generated by {vk,vl : 
1 < A; < d} and thus r{x) = PA{PxP)P for all x e M. That 0o is r{x) = 
J2k Vkxvl invariant follows as ip is A-invariant. We are left to prove equivalence 
of statements (i)-(iii). 

By Theorem 3.6 in [Mol] Markov semigroup (A1,r, 0o) is ergodic if and 
only if {n{Od)", A, tp^) is ergodic ( here we need to recall by (a) that A„(P) | / 
as n t oo ). By a standard result [Fr, also BJKW] {A4, r, 0o) is ergodic if and 
only if there is no non trivial projection e invariant for r i.e. I'^ — {e & Ai : 
e* — e,e^ — e, T(e) — e} — {0, 1}. If T(e) = e for some projection e & M. then 
(1 — e)r(e)(l — e) = and so ev^(l — e) = 0. Same is true if we replace e by 
1 — e as r(l) = 1 and r(l — e) = 1 — r(e) = 1 — e and thus (1 — e)f |e = 0. Thus 
e commutes with Vk-,vl. for all 1 < A; < d. Hence X'^ C A^fl-^'- Inequality 
in the reverse direction is trivial and thus T"^ is trivial if and only if A1 is a 
factor. Thus equivalence of (ii) and (iii) follows by a standard result [Ev,Pr] in 
non-commutative ergodic theory. This completes the proof. ■ 

The following two propositions are essentially easy adaptations of results 
appeared in [BJKW, Section 6 and Section 7] , crucial in our present framework. 

PROPOSITION 2.5: Let be a A invariant factor state on Od and {H, tt, Vt) 

be it's GNS representation. Then the following hold: 

(a) The closed subgroup H = {z E : ip^^ = i^} is equal to {z & : 
/?2;extends to an automorphism of 7r{Od)"}- 

(b) Let be the fixed point sub-algebra in Od under the gauge group {Pz '■ 
z e H}. Then 7r(Of )" = 7r(UHFrf)". 

(c) If is a finite cyclic group of k many elements and 7r(UHFd)" is a factor, 
then 7r(Cd)"n7r(UHFd)' = 17™ where l<m<k. 
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PROOF: It is simple that if is a closed subgroup. For any fix 2; G if we define 
unitary operator C/^ extending the map 7r{x)fl 7r{(3z{x))^ and check that the 
map X — > UzXU* extends /^^ to an automorphism of 7r{Od)"- For the converse 
we will use the hypothesis that is a A-invariant factor state and /S^A = XPz to 

guarantee that ^^^fUX) = i Ei<fc<n i'^'PziX) = i Ei<fc<n ^PzX'iX) iP{X) 
as n —>■ 00 for any X G n{Od)", where we have used the same symbol for 
the extension. Hence z & H. 

For any 2:1,^2 G we extend both ipPzi and ipPz2 to its inductive limit 
state on using the canonical endomorphism Od -^^ Od- Inductive limit 
state being an affine map, their inductive limit states are also factors. The in- 
ductive limit of the canonical endomorphism became an automorphism. {A, 6) 
is asymptotically abelian i.e. | \x9"'{y) — 9"'{y)x\ \ — > as n — * 00 for all y G .4 
(see also page 240 in [BR, vol2]). Thus in particular {A, Z,uj) is .^—central 
for any translation invariant ergodic state u; (see page 380 in [BR vol-2]). Thus 
we may appeal to a general result in C*-non-commutative ergodic theory to 
conclude that their inductive limit, being translation invariant factor states, 
are either same or orthogonal (Theorem 4.3.19 in [BR vol2]). 

In the following instead of working with Od we should be working with 
the inductive limit C* algebra and their inductive limit states. For simplicity 
of notation we still use UHFd,Od for its inductive limit of Od -^^ Od and 
U HFd -^^ U HFd respectively and so for its inductive limit states. 

Now we aim to prove (b). H being a closed subgroup of S^, it is either entire 
or a finite subgroup {exp{^^)\l — 0, 1, k — 1} where the integer A; > 1. If 
H — we have nothing to prove for (b). When if is a finite closed subgroup, 
we identify [0, 1) with by the usual map and note that if f3t is restricted to 
t G [0, ^), then by scaling we check that (3t defines a representation of in 
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automorphisms of . Now we consider the direct integral representation tt' 
defined by 




of on H\ (8'L^([0, \) ), where 7i| ^ is the cychc space of niO^) generated 
by n. That it is indeed direct integral follows as states il^Pt^ and il^Pt^ are either 
same or orthogonal for a factor state (see the above paragraph) . Interesting 
point here to note that the new representation tt' is {(5t) covariant i.e. n'ftt — 
PtT^', hence by simphcity of the C* algebra we conclude that 

7r'(UHF<i)" = 7r'(C>f )"^* 

By exploring the hypothesis that ■0 is a factor state, we also have as in 
Lemma 6.11 in [BJKW] I ® L°°([0, i) ) C n'{0^)". Hence we also have 

7r'(Ofr = 7r(Ofr®L~([0,i)). 

Since (3t is acting as translation on / ® L°°([0,|) ) which being an ergodic 
action, we have 

7r'(UHFd)" = 7r(C»f)"®l 
Since 7r'(UHF^)" = 7r(UHFrf)" ® 1, we conclude that 7r(UHF^)" = 7r(0^)". 

A proof for the statement (c) follows from Lemma 7.12 in [BJKW]. The 
original idea of the proof can be traced back to Arvcson's work on spectrum of 
an automorphism of a commutative compact group [Arl] . ■ 

Let uj' be an A-invariant state on the UHF^ sub-algebra of Od- Following 
[BJKW, section 7], we consider the set 

Koj' — {ip : ip is a. state on Od such that ip\ = and V'|UHFd ~ "^'i 

By taking invariant mean on an extension of cu' to Od, we verify that Ki_^i 
is non empty and K,^/ is clearly convex and compact in the weak topology. In 
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case a;' is an ergodic state ( extremal state ) K^^i is a face in the A invariant 
states. Before we proceed to the next section here we recall Lemma 7.4 of 
[BJKW] in the following proposition. 

PROPOSITION 2.6: Let u' be ergodic. Then ip e K^, is an extremal point 
in K^i if and only if is a factor state and moreover any other extremal point 
in K^ji have the form -0/3^ for some z & S^. 

PROOF: Though Proposition 7.4 in [BJKW] appeared in a different set up, 
same proof goes through for the present case. We omit the details and refer to 
the original work for a proof. ■ 

3 Dual Popescu system and pure translation 
invariant states: 

In this section we review the amalgamated Hilbert space developed in [BJKW] 
and prove a powerful criteria for a translation invariant factor state to be pure. 

To that end let be a von-Neumann algebra acting on a Hilbert space 
/C and {v}^, 1 < A; < d} be a family of bounded operators on K, so that 

— {^k, '^h ^ ^ k < d}" and J2k '^k'^t — 1- Furthermore let Q be a cychc and 
separating vector for M so that the normal state (f)oix) =< il,xQ > on is 
invariant for the Markov map r on defined by t{x) = J2k'^kxvl for x G Ai. 
Let LU be the translation invariant state on UHF^ = <S)zMd defined by 

a;(e};(/) ® e%{l + 1) ® .... ® e};(/ + n - 1)) = M^iv}) 

where e* (Z) is the elementary matrix at lattice sight I e Z^. 

We set Vk = Jcri{vl)J e M' ( see [BJKW] for details ) where J and a = 
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{at, t G M) are Tomita's conjugation operator and modular automorphisms 
associated with 0o- 

By KMS relation [BR vol-1] we verify that 

k 

and 

00 (^^7^^}) = M^iVj) (3.1) 

where / = (in, ^2, «i) if / = (ii, i2, in)- Moreover v}Q — Joi_{y^*J^ — 
J'A^VjQ = v*jQ. We also set jCi to be the von-Neumann algebra generated 
by {vk : I < k < d}. Thus Ai Q M.' . A major problem that we will have to 
address when equality holds. 

Let (7i, P, S'fe, \ < k < d) and (7i, P, 5*^;, 1 < A; < c?) be the Popescu 
dilation described as in Theorem 2.1 associated with {]C,Vk, 1 < k < d) and 
}^:Vk, 1 < k < d) respectively. Following [BJKW] we consider the amalga- 
mated tensor product Ti. <^ic Ti. oi Ti with Ti. over the joint subspace /C. It is 
the completion of the quotient of the set 

where /, / both consist of all finite sequences with elements in {1,2, ..,d}, by 
the equivalence relation defined by a semi-inner product defined on the set by 

requiring 

<I®I®f,IJ®IJ®g >=< f, VjVjg >, 

<IJ®I®f,I®IJ®g >=< Vjf, vjg > 

and all inner product that are not of these form are zero. We also define two 
commuting representations {Si) and {Si) of on Ti <S>!c 'H by the following 
prescription: 

Si\{J ® J ® f) ^ \{J ® IJ ® f). 
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SiX{J ® J ® /) = X{JI ® J ® /), 

where A is the quotient map from the index set to the Hilbert space. Note that 
the subspace generated by A(0 (8) / (g) /C) can be identified with H and earher 
Sj can be identified with the restriction of Sj defined here. Same is vahd for 
Sj. The subspace /C is identified here with A(0 (8) /C). Thus /C is a cychc 
subspace for the representation 

Sj S'i ^ SjS'i 

of Od ® Od in the amalgamated Hilbert space. Let P be the projection on ]C. 
Then we have 

S*P = PS*P = V* 
S*P = PS*P = V* 

for all 1 < i < d. 

We start with a simple proposition. 

PROPOSITION 3.1: The following hold: 

(a) For any 1 < i, j < d and |/|, | J| < oo and |/|, | J| < oo 

< Q,SiS*jSiSiS*jS*Q >=< Q,SiSjS*jS*SiS*jQ >; 

(b) The vector state ■0n on 

\JRFd ® UHFrf = 0° ^Mrf ®~ = 0^Ma 

is equal to a;; 

(c) 7r{dd Od)" = B{n n) if and only if {x e B(/C) : t{x) = f(x) = 
x} ^ {zl : z e C}. 

PROOF: By our construction S*n = v*Q = v*n = Now (a) and (b) 

follows by repeated apphcation of S*Q, — S*Q and commuting property of the 
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two representation 7r(Cd ® I) and 7i{I ® Od). The last statement (c) follows 
from a more general fact proved below that the commutant of irlOd <S> Oa)" 
is order isomorphic with the set {x e B{]C) : t{x) — x, f{x) — x} — {zl : 
z e C} via the map X PXP where X is the weak* hmit of {A"^A'*(x) as 
{m,n) (oo, oo). For details let Y be the strong limit of increasing sequence 
of projections (AA)"(P) as n ^ oo. Then Y commutes with SiSj, S*S* for all 
l<i,j <d. As A(P)) > P, we also have A{Y) > Y. Hence (1 - Y)S*Y = 0. 
As Y commutes with SiSj we get (1 - Y)S*SiSjY = i.e. (1 - Y)SjY = 
for all 1 < j < d. By symmetry of the argument we also get (1 — Y)SiY — 
for all 1 < i < d. Hence Y commutes with -n-^Od)" and by symmetry of the 
argument Y commutes as well with 7i{Od)"- As Yf = f for all / G /C and JC is 
cyclic for the representation Tr{Od ® Od) we conclude that Y — I inH (8)a: Ti.. 

Let X e B{}C) so that t{x) = x and f{x) = x then as in the proof of Theorem 
2.1 we also check that (AA)''(P)A'"A"(x)(AA)''(P) is independent of m,n as 
long as m,n > k. Hence weak* hmit A"^A"'(x) — > X exists as m,n oo. 
Furthermore limiting element X e 7r{Od0 Od)' and PXP = x. That the map 
X — > PXP is an order-isomorphic on the set of self adjoint elements follows 
as in Theorem 2.1. This completes the proof. ■ 

REMARK: Proposition 3.1 in brief says that {H Ok; 'H,SiSj 1 < i,j < 
d, P) is the noting but the Popescu dilation associated with Popescu elements 
{lC,ViVj,l < i,j < d}. In fact one can give an alternative construction for 
amalgamated representation of Od®Od- 

Now we will be more specific in our starting Popescu systems in order to 
explore the representation tt of (8) Od in the amalgamated Hilbert space 
H. ®K, T^- To that end let be a translation invariant extremal state on A and 
we fix any extremal point if) e K^^i . In the following we will eventually consider 
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the Popescu systems {}C,Ai,Vk, 1 < k < d,Q) described as in Proposition 2.4 
and associated dual Popescu systems {)C,M.,Vk, 1 < k < d) where M. is 
the von-Neumann algebra generated by {v^ ■ 1 < k < d}. Thus in general 
M. C M.' and an interesting question: when do we have M.' — M'? Going 
back to our starting example of unique KMS state for the automorphisms 
Pt{si) = tSi, t G S^, we check that v'^ = S^, Jv^J = ^Sk and thus equality 
hold i.e. M. — M.'. But the corner vector space Aic — P'^i^dY'P generated by 
the elements {viv} : |-?^|, | J| < oo} fails to be an algebra. Thus two questions 
sounds reasonable here. 

(a) Does equality Ai' = Ai holds in general for an extremal element ijj G K^^i 
and a factor state a;? 

(b) When can we expect M.c to be a *-algebra and so equal to M.7 

The dual condition on support projection and equality Ai — Ai' are rather 
deep and will lead us to a far reaching consequence on the state cu. In the 
paper [BJKW] these two conditions are implicitly assumed to give a criteria 
for a translation invariant factor state to be pure. Apart from this refined 
interest, we will address the converse problem that terns out to be crucial for 
our main results. In the following we prove a crucial step towards that goal 
and fixing basic structure which will be repeatedly used in the computation 
using Cuntz relations. 

PROPOSITION 3.2: Let u; be an extremal translation invariant state on 
A and ip be an extremal point in K^^i . If the amalgamated representation tt of 
Od ® Od in H H of the Popescu systems (/C, AI, Wfc, 1 < k < d) are taken 
as in Proposition 2.4 then following are true: 

(a) Ti{dd ® Od)" = B{n ®K H). Furthermore 7r(Orf)" and 7r(Orf)" are factors 
and the following sets are equal: 
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(i) H = {zeS':ijp, = ij}; 

(ii) — {z : (3z extends to an automorphisms of 7r((9d)"}; 

(iii) — {z : (3^ extends to an automorphisms of 7r(Od)"}. Moreover 
7r(UHFd ® /)" and 7r(/ ® UHFd)" are factors. 

(b) z — s> f/2 is the unitary representation of H in the Hilbert space ®yc 
defined by Uzii^^Sj ® Si)Vl = n^zsj zSi)Q 

(c) The commutant of 7r(UHFrf (8) UHF^^)" is invariant by the canonical endo- 
morphisms A(X) = J2i SiXS* and A{X) — J2i SiXS*. Same is true for each i 
that the surjective map X — > S*XSi keeps the commutant of UHF(i UHF^)" 
invariant. Same holds for the map X — > S*XSi. 

(d) The centre of 7r(UHFrf ® UHF^)" is invariant by the canonical endomor- 
phisms A{X) = EiSiXS* and K{X) = J^iSiXS*. Moreover for each i the 
surjective map X S*XSi keeps the centre of 7r(UHFd UHF^)" invariant. 
Same holds for the map X S*XSi. 

PROOF: P being the support projection by Proposition 2.4 we have {x e 
B{IC) : J2k "Vkxvl = x} = M'. That {M', f, 0o) is ergodic follows from a 
general result [Mol] ( see also [BJKW] for a different proof ) as (7Vl,r, 0o) is 
ergodic for a factor state ip being extremal in Ki_^> (Proposition 2.6). Hence 
{x e B(/C) : t{x) — f{x) — x} — C Hence by Proposition 3.1 we conclude 
that Tr{dd ® Od)" = B{n 0^ n) 

That both n{Od)" and n{dd)" are factors follows trivially as n{dd®Od)" = 
B{n®Kn) and n{Oa)" <^T:{da)'. 

By our discussion above we first recall that Q is a cyclic vector for 
the representation of T^{Od ® Od)- Let G — {z = (2:1,2:2) & x : 
Pz extends to an automorphism of n{Od^Od)"} be the closed subgroup where 

f3z{Sj (g) Si) = ZiSj <S> Z2Si. 
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By repeated application of the fact that n{Od)" commutes with 7T{Od)" and 
S^il — S^il as in Proposition 3.1 (a) we verify that iIjP(z,z) — on O^'^ if 
z E H. For z E H we set unitary operator Uz7r{x (8) y)^ — 7r{Pz{x) <8) Pz{y))Q 
for all X e Od and y e Od- Thus we have Uz7r{si)U* — Z7r{si) and also 
Uz7i{si)U* = zsi. By taking it's restriction to 7r(Orf)" and 7r(C)d)" respectively 
we check that H C H^^ and C 

For the converse let z G i/jr and we use the same symbol (3z ioi the extension 
to an automorphism of 7r{Od)"- By taking the inverse map we check easily that 
z e and in fact is a subgroup of S^. Since A commutes with (3z on Od, the 
canonical endomorphism A defined by A(X) = J2k ^k^S^ also commutes with 
extension of Pz on 7r{Od)"- Note that the map 7r{x)\^ 7r{(3z{x))\^ for x e Od 
is a well defined linear *-homomorphism. Since same is true for z and (3z(3z = I, 
the map is an isomorphism. Hence extends uniquely to an automorphism 
of 7r{Od)"^ commuting with the restriction of the canonical endomorphism on 
7r(Cd)|'^. Since 7r{Od)"^ is a factor, we conclude as in Proposition 2.5 (a) that 
z e H. Thus if^ C H. As 7T{Od)" is also a factor, we also have C H. 
Hence we have H = = H^^ and {{z, z) : z ^ H] Q G Q H x H . 

For the second part of (a) we will adopt the argument used for Proposition 
2.5. To that end we first note that being a cyclic vector for the representation 
dd®Od in the Hilbert space H^kH, by Lemma 7.11 in [BJKW] (note that the 
proof only needs the cyclic property ) the representation of UHF^ on ®)c 'H 
is quasi-equivalent to it's sub-representation on the cyclic space generated by 
Q. On the other hand by our hypothesis that a; is a factor state. Power's 
theorem [Pol] ensures that the state uj' (i.e. the restriction of u to Ar which 
is identified here with UHF,^ ) is also a factor state on UHF^. Hence quasi- 
equivalence ensures that 7r(/ ® UHF,^)" is a factor. We also note that the 
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argument used in Lemma 7.11 in [BJKW] is symmetric i.e. same argument is 
also valid for UHF^. Thus 7r(UHF(i (8) /)" is also a factor. 

As A{E) commutes with 7r(A(UHFrf ® UBFa))" and {SiS* ■.l<i,j<d} 
we verify by Cuntz's relation that A{E) is also an element in the commutant 
of 7r(A(UHFd(8) UHFd))" once E is so. It is obvious that A{E) is an element in 
7r(UHFd (g) UHFrf)" if E is. Thus A{E) is an element in the commutant/centre 
of 7r(A(UHFd ® UHFrf)" once E is so. 

For the last statement consider the map X S*XSi. Clearly it preserves 
7r(UHFd ® UHFd)" and onto. Hence we need to show that S*ESi is an clement 
in the commutant whenever E is so. To that end note that SlESiS*XSi — 
S*SiS*EXSi = S*XESi = S*XSiS*ESi. Thus onto property of the map 
ensures that S*ESi is an element in the commutant of 7r(UHFd(8) UHF^)" once 
E is so. This completes the proof of (c) and (d). ■ 

One interesting problem here how to describe the von-Neumann algebra I 
consists of invariant elements of the gauge action : z G H} in BiTi^icTi.). A 
general result due to E. Stormer [So] says that the algebra of invariant elements 
are von-Neumann algebra of type-I with centre completely atomic. Here the 
situation is much simple because I — {Uz z & H}' and if we write spectral 
decomposition as Uz — J2keH ^^^k for z e H, H is the dual group of H either 
H = {z : = 1} or 'Z . Thus centre of X is equal to {F^ : k G H^. 

As a first step we describe the center Z of 7r(UHFrf ® UHF^)" by exploring 
Cuntz relation that it is also non-atomic even for a factor state uj. In fact we 
will show that the centre Z is a sub-algebra of the centre of X. In the following 
proposition we give an explicit description. 

PROPOSITION 3.3 : Let b), -0) be as in Proposition 3.2 with Popescu 
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system (/C, Ai, Vk, ^) be taken as in Proposition 2.4 i.e. on support projection. 
Then the centre of n{\]BF(i (g) UHFj^)" is completely atomic and the element 
Eq = [7r(UHF<i (g) URFd)' V 7r(UHFd ® UHFd)"Q] is a minimal projection in 
the centre of 7r(UHFd (g) UHF^)" and centre is invariant for both A and A. 

Fm^thermore the following hold: 

(a) The centre of 7r(UHFrf(g)UHF(i)" has the following two disjoint possibilities: 

(i) There exists a positive integer m > 1 such that the centre is generated 
by the family of minimal orthogonal projections {Ajk(£'o) :0<A;<m — 1} 
where m > 1 is the least positive integer so that A"'(£'o) = Eq. In such a case 
{z: z'^ = l} C H. 

(ii) The family of minimal nonzero orthogonal projections {Ek : k G where 
Ek = A''{Eo) ioT k > and Ek = S^EqSi ior k < where \I\ ^ -k and 
independent of multi-index I generates the centre. In such a case H — S^. 

(b) A(E) = A(E) for any E in the centre of 7r(UHFd ® UHF^)" 

(c) If A{Eo) = Eo then Eo ^ 1. 

PROOF: Let E' e 7r(UHFd UEFa)' be the projection on the subspace 
generated by the vectors {SiS}SrS},Q, \I\ = | J|, |/'| — \J'\ < oo} and ttq be 
the restriction of the representation tt of UHFrf (g) UHF^ to the cychc subspace 
Tia generated by fl. Identifying A with UHF^ ® UHF^ we check that tt^ is 
unitary equivalent with ttq. Thus ttq is a factor representation. 

For any projection E in the centre of 7r(UHFrf ® UHF^)", via the uni- 
tary equivalence we note that EE' — E'EE' is an element in the centre of 
7rf2(UHF(i ® UHFci)". u being a factor state we conclude that EE' is a scaler 
multiple of E' and so we have 



EE' = uj{E)E' 



(3.2) 
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Thus we also have EYE' = uj{E)YE' for all Y e 7r(UHFd ® UHFd)' and so 

EEo = u{E)Eo (3.3) 

Since EE' is a projection and E' ^ 0, we have u}{E) — uj{EY. Thus 
u{E) = 1 or 0. So for such an element E the following is true: 

(i) If < E'o then either E — or E — Eq i.e. Eq is a minimal projection in 
the centre of 7r(UHFd ® UHFd)" 

(ii) uj{E) = 1 if and only if E > Eq 

(iii) uj{E) ^0 if and only if EEq - 0. 

As A{Eq) is a projection in the centre of 7r(UHFrf ® UHFc^)" by our last 
proposition i.e. Proposition 3.2 (c), we have either a;(A(£'o)) = 1 or 0. Since 
A(£'o) 7^ by injective property of the endomorphism, we have either A(£'o) > 
Eo or A{Eo)Eo = 0. In case A{Eo) > Eq we have S*EoSi < S*A{Eo)Si = Eq 
for all 1 < z < d. If so S*EQSi being a non-zero projection in the centre of 
7r(UHF<i®UHFd)" (Proposition 3.2 (c) ), by (i) we have Eq = A{Eo). Thus we 
have either A{Eo) = Eq or A{Eo)Eo = 0. 

If A{Eq)Eq = 0, we have A(£^o) ^ I — Eq and by Cuntz's relation we check 
that Eo < I - S*EoSi and S*S*EoSiSj < I - S*EoSj for all 1 < i,j < d. 
So we also have EoS*S*EoSiSjEo < Eq - EoS*EoSjEo = Eq. Thus we have 
either EoS*S*EoSiSjEo = or EoS*S*EoSiSjEo = Eq as S*S*EoSiSj is an 
element in the centre by Proposition 3.2 (c). So either we have A'^{Eq)Eq = 
or A'^{Eo) < Eq. a being an injective map we either have A?{Eq)Eq — or 
A\Eo) = Eq. 

More generally we check that if A(£;o)^o = 0, A^{Eq)Eq = 0, ..A^{Eq)Eq = 
for some A; > 1 then either A^+^{Eo)Eq = or A^+^{Eo) = Eq. To verify that 
first we check that in such a case Eq < I — S^EqSi for all |/| = n and then 
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following the same steps as before to check that S*SjEoSjSi < I — S*EoSi for 
all i. Thus we have EQS*SjEQSjSiEQ < Eq and arguing as before we complete 
the proof of the claim that either A''+\Eo)Eo = or A''+\Eo) = Eq. 

We summarize now by saying that Eq, A(£'o), .., A'"~^(£'o) are mutually or- 
thogonal projections with m > 1 possiblely be infinite if not then A"*(£'o) = Eq. 

Let TTfe, A; > be the representation tt of UHF^ (8) UHF,^ restricted to the 
subspace A'^(£'o). The representation ttq of UHF^^ (g) UHF^ being isomorphic 
and so is quasi-equivalent to the representation tt of UHF^ (g) UHF^ restricted 
to E'. For a general discussion on quasi-equivalence we refer to section 2.4.4 in 
[BR vol-1]. LU being a factor state, ttq is a factor representation. We claim that 
each TTjfc is a factor representation. We fix any k > 1 and let X be an element 
in the centre of 7rfe(UHFd (g) UHF^). Then for any |7| = k, SjEkSi = Eq and 
so S}XSi is an element in the centre of 7ro(UHFrf UHF^) by Proposition 3.2 
(d). Further S*jXSi = S*jXSiS*jSj = S*jXSj for all |J| = \I\ = k. ttq being 
a factor representation, we have S}XSi — cEq for some scaler c independent 
of the multi-index we choose |/| = k. Hence cAjk(£'o) = Y^\j\^},SjS}XSiS*j — 
E|j|=ik SjS}SiS*jX = X as X is an element in the centre of 7r(UHFd ® UHF^). 
Thus for each A; > 1, tt^ is a factor representation as ttq is. 

We also note that A{Eo)A{Eo) ^ 0. Otherwise we have < 5",^, SfL >= 
for all i,j and so < 1], S'j 5**^2 >= for all i,j as 7i{Od)" commutes with 
7i{Od)"- However S*Q = S*fl and J2i SiS* = 1 which leads a contradiction. 
Hence A{Eq)A{Eo) ^ 0. As n restricted to A{Eo) is a factor state and both 
A(£'o) and A(£'o) are elements in the centre of 7r(UHFd(8)UHF)" by Proposition 
3.2 (d), we conclude that A(£^o) = A(£^o)- Using commuting property of the 
endomorphisms A and A, we verify by a simple induction method that A''{Eo) — 
A^{Eo) for all k > 1. Thus the sequence of orthogonal projections Eq, A{Eq), ... 
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are also periodic with same period or aperiodic according as the sequence of 
orthogonal projections Eq,A{Eo), .... 

If A^'^Eq) = Eq for some m > 1 then we check that J2o<k<m-i ■^'^(-^o) is an 
A and as well A invariant projection and thus equal to 1 by cyclic property of fl 
for 7r{Od®Od)" ■ In such a case we set — J2o<k<m-i ^^E^ for z & for which 
2;"* = 1 and check that A(l^^) = Eo<fc<m-i z^KEk) = Eo<k<m-i z^Ek+i = zV^ 
where E^ = Eq and so by Cuntz relation we have V*SiVz = zSi for all 1 < i < 
d. Following the same steps we also have A{Vz) = zVz and so V*SiV* = zSi 
iorl<i<d. Thus = for all z e Hq ^ {z : z"" ^ 1} C H. 

Now we consider the case where £^0, A(£^o), ■■A'^(-Eo), ■■ is a sequence of ape- 
riodic orthogonal projections. We extend family of projections {E^ : k E Z} 
to all integers by 

Ek = A\Eo) for all A; > 1 

and 

Ek = SjEoSi for all A; < 1, where |/| = -k 

We claim that the definition of {E^; k < —1} does depends only on length of 
the multi-index I that we choose. We may choose any other J so that \J\ — \I\ 
and check the following identity: 

where Eq, being an clement in the centre of 7r(UHFrf® UHF^)", commutes with 
SiS} as |/| = I J|. Further A^{Eq) = A'^IEq) ensures that SjS} commutes with 
£^0 for all \I\ — \ J\ — k and A; > 1. Hence we also have 

77' C* Z? C C* C Q* TP Q 

^-k — ^jJ^O^I^J^J — ^J-l^O^J 

for all I J| = 1/1 = A; and A; > 1. 
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Now we claim that 

for all k eZ. For A; > we have nothing to prove. For A; < — 1 we check that 
the following steps 

M^i^oSi) = ^ SkS* SpEoSjiSiSl 

k 

EC* TP C c c* c c* c* z? c 

k 

where we wrote / = (/', i) and used elements SkS* commutes with {Ek : k e Z}, 
elements in the centre of 7r(UHFrf UHF^)". For a proof that A{Ek) = E^+i 
we may follow the same steps as E^ = S}XSi where |/| = —k and k < —1. 

We also claim that {E^ : k & Z} is an orthogonal family of non-zero pro- 
jections. To that end we choose any two elements say E^, Em, k ^ m and use 
endomorphism A" for n large enough so that both n + k > 0,n + m > Oto con- 
clude that A^{EkEjn) — Ek+nEk+m — Oask + riy^k + m. A being an injective 
map we get the required orthogonal property. Thus J2kGZ being an invariant 
projection for both A and A we get by cyclicity of Q that Z^fegz Ek ~ I. 

Let TTfc, < — 1 be the representation tt of UHF^ (g) UHF^ restricted to 
the subspace Ek. Going along the same line as above, we verify that for each 
k < —1, TTfc is a factor representation of UHF,i ® UHF^. We also set Vz = 
J2-oo<k<oo z^Ek for all z & and check that A(\4) = zVz and also h-iVz) — 
zVz- Hence — H and as is a closed subset of 5"^. This completes the 
proof of (a). 

Proof for (b) and (c) are now simple consequence of the proof of (a). ■ 

It is clear that X contains Tq —^^^ 7r(UHFd ® UHF^)" y {U^ : z e H}". 
By the last proposition the centre of X, which is equal to {Uz : z e H}", 
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contains the centre of 7r(UHFrf (g) UHF^)" and thus by taking commutant we 
also have Z C 7r(UHFd ® UHFd)" V 7r(UHFd ® UHF^)'. In the last proposition 
we have described explicitly the factor decomposition of the representation tt 
of 7r(UHFd ® UHFd)". One central issue when such an factor decomposition is 
also an extremal decomposition. A clear answer at this stage seems to be bit 
hard. However the following proposition makes an attempt for our purpose. 
To that end we set few more notations and elementary properties. 

For each k & H, let tt^ be the representation tt of UHF^ UHF,^ restricted 
to Fk. We claim that each 7rj[. is pure once tTq is pure. Fix any k & H and 
let X be an element in the commutant of 7r^(UHFd (8) UHF^^)" then SjF^Si — 
S*A^{Fq)Si = Fq as S}Si commutes with Fq for |/| = | J| = and further for 
any |/| = | J|, S*jXSiS*jSj = S^SiS}XSj = S}XSj as X commutes with SjS} 
with |/| = I J|. Thus by Proposition 3.2 (c) S}XSi is an element in commutant 
of 7rQ(UHF(i UHFrf)" for any |7| = k and thus S}XSi — cFq for some scaler 
c independent of |/| = A; as tTq is pure. We use commuting property of X with 
7r(UHFrf UHFd)" to conclude that X = cA^{Eo) for some scaler c. If < -1 
we employ the same method but with endomorphism A^^ so that A~'^(X) is an 
element in the commutant of 7r^(UHFd ® UHF^)". Thus J2i:\i\=-kSiXS*j = cl 
and by injective property of the endomorphism we get X is a scaler. Thus we 
conclude that each tt^ is a pure once tTq is pure. 

Next we claim that for each iixk E Hq, representation of UHFj^ (8) UHF^ 
defined in Proposition 3.3 is quasi-equivalent to representation tt'^ ( here we 
recall Hq <^ H as Hq H ) . That tTq is quasi-equivalent to ttq follows as they 
are isomorphic. More generally for any k G H, we abuse the notation and 
extend tt^ for the restriction of tt to the minimal central projections on the 
subspace span by {7r(UHFd ® UHF^)'/ : V / eH^KTi, ^ /}. Each 
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Ek is a minimal central element containing Fk and however two such elements 
i.e. Ek and Ej are either equal or mutually orthogonal. Thus {E^ : k e H} — 
{Ek : k e Hq} and quasi-equivalence follows as tt^ is isomorphic with tt^ for all 
k e Ho. 

At this stage we also set for the time being 

= [7r(UHF<i UHF<i)"Q] 

It is obvious that Fq < Fq. We prove in following text that equality holds if cu 
is pure. 

First we consider the case when H — {z : — 1}. Projections A(Fq) and 
A(Fo) are elements in 7r(UHF(i(g)UHFd)' by Proposition 3.3 (*). The represen- 
tation 7r(UHFd(8)UHFd)" restricted to both the projections A{Fq),A{F^) are as 
well pure. A pull back by the map X S*XSi with any 1 < i < d will do the 
job for the projection A(Fq). Thus A(Fq)A(Fq)A(Fq) = cA(Fq) for some scaler. 
By pulling back with the action X S*XSi we get F^5*A(F^)5jF^ = cF^ and 
so 

c=< n,s*A{F;^)Sin > 
^^<n,SkS*F^SiSin> 

k 

as SI.Q = S^Q and further Fq commutes with 7r(UHFrf and thus c = J2k < 
n^SkS^n >= 1. This shows that A(F^) > A(F^). Interchanging the role of 
A and A we conclude that A(Fq) = A(Fq). Proof essentially follows along the 
same hne for A'^(Fq) = A'^(Fq) for all A; > 1. By Proposition 2.5 we also note 
that A"(F^) =F^ = A"(Fo) as H = {z : z"" = 1}. 

Thus F' = J2o<k<n-i ^(-^o) is a A and as well A invariant projection. Since 
F'U — Qwe conclude by the cyclic property of il for 7r{Od (8) Od)" that F' — 1. 
Since A'=(Fo) < Fk and Efe-^fe = 1 we conclude that A'=(Fo) = Fk. In such a 
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case we may check that 

Fk - [7r(UHF<i ® \]Yi¥d)"S*jVt : \I\ = n - k] 
ioY 1 <k <n — 1. 

Similarly in case H — and uj is pure we also have Fq — Fq and for /c > 1 
Fk = [7r(UHFd ® VBFdY'Sin : \I\ = k] 

F_k = [niVRFd (8) UHFrf)"^;^] : |/| = k] 

Thus we have got an explicit description of the complete atomic centre of I 
when a; is a pure state. 

PROPOSITION 3.4: Let -0 and Popescu system (/C, M, Vk, be as in 
Proposition 3.3. Then 

(a) {Pz '■ z e H} invariant elements in 7r(UHFd Od)" ( as well as in 7r{Od <8) 
UHFrf)" ) are equal to 7r(UHFrf ® UHFd)". 

(b) X = Xo if and only if u is pure. 

Further the following statements are equivalent: 

(c) T = 7r(UHF<i®UHF<i)"; 

(d) 7r(UHFd ® Od)" = B{n ®K n)] 

(e) Ti{dd ® UHFd)" = B{H ®k H); 

In such a case ( if any of (c),(d) and (e) is true ) the following statements 
are also true: 

(f) 7r(UHFrf ® URFd)" is a type-I von- Neumann algebra with centre equal to 
{Uz : z e H}" where Uz is defined in Proposition 3.2. 

(g) a; is a pure state on A. 

Conversely if a; is a pure state then 7r(UHF£; UHF^)" is a type-I von- 
Neumann algebra with centre equal to {Uz : z e Hq}" where Hq is a subgroup 
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oiH. 

PROOF: Along the same line of the proof of Proposition 2.5 (b) we get 
{(3^: z e H] invariant elements in 7r(Od (g) UHF^)" is 7r(UHF<i (g) UHFrf)" where 
factor property of n{Od,)" is crucial as in proof of Proposition 2.5 (b). Same 
holds for 7r(UHF(i (8) Od)" as 7r{Od)" is a factor. Here we comment that factor 
property of 7i{Od)" can be ensured whenever is an extremal element in Ki^^' 
(See Proposition 3.2 (a) ). 

For (b) we will first prove Xq = X if a; is pure. As by definition Xq ^ ^T, 
it is enough if we show Xq C X'. Let X G Xq i.e. X commutes with {Uz 
z e H}" and 7r(UHF<i ® UHF^)". For each k e H, FkXFk is an element in 
the commutant of Ffe7r(UHF(i UHFd)"Ffe. u; being pure each representation 
TT restricted to is irreducible and thus F^XF^ — CkFj. for some scalers c^. 
Hence X^Y.k cuFk = {U^: z e H}". 

For the converse we need to show that the restriction of 7r(UHFd (8) UHF^)" 
to -Fq is pure. Let X be an element on the subspace F^ and in the commutant 
of FQ7r(UHFrf UUFdY'FQ, ( which in our earlier notation E' in Proposition 
3.3 ). Then X commutes with each Fk ior k e H and 7r(UHFd (8) URFdY'Fk 
as Fq < Fo and F^ are orthogonal to Fq for A; 7^ 0. So X commutes with 
{U^: z e H}" and 7r(UHFd (g) UHF^)" i.e. X e X^. By our assumption Xq = X, 
we have now X G X' which is equal to {Fk : k G H}" and so X = cFq for some 
scaler cq. This shows that Fq = Fq and a; is pure. 

(c) implies (d): {Uz '■ z G H} is a commuting family of unitaries such that 
(3z{X) = UzXU; and thus by (c) {Uz : z e H}" C 7r(UHFd UHFd)". Let 
X be an element in the commutant of 7r(UHFrf (g) C^)"- Then X commutes 
also with [Uz-. z e H}" and thus X G 7r(UHF<i ® UHF^)" by (c). Hence X 
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is an element in the centre of 7r(UHF(i ® UHF^)" and so X = J2k CkEk where 
are the minimal projections in the centre of 7r(UHFc; UHF(i)" given in 
Proposition 3.3. However X also commutes with 7r(Od)" by our assumption 
(c) and A(Ek) — -Bfc+i for k E H. So Ck — Ck+i and X is a scaler multiple of 
unit operator. Hence (d) follows from (c). Along the same line we prove (c) 
imphes (e). For a proof for (d) implies (c) and (e) implies (c), we simply apply 
(a). 

Now we will prove (f) and (g). That 7r(UHFd (g) UHF^)" is a type-I von- 
Neumann algebra ( with completely atomic centre ) follows by a theorem of 
[So] once we use (c). In the proof of Proposition 3.3 we have proved that the 
centre of 7r(UHFd ® UHF^)" is {U^ : z e Hq}" where Hq C H. For equality in 
the present situation we simply use (c), as Pw{Uz) = Uz for all w,z & H, to 
conclude that Uz is in the centre of 7r(UHFd (g) UHF^)". 

If (c) hold then Iq = I and thus (g) follows by (b). Here wc will give 
another proof using the same idea to prove (f). Let X be an element in the 
commutant of 7ro(UHFd(8)UHFd)", where ttq is the factor representation on the 
minimal central projection Eq defined in Proposition 3.3. Then X commutes 
with {Uz : z e H}" and so by (c) X in an element in 7r(UHFd ® UHF^)". So 
X is in the centre of 7ro(UHFrf UHFd)"- ttq being a factor representation X 
is a scaler multiple of Eq. Thus ttq is an irreducible representation and so cu is 
pure. 

By Proposition 3.1 we recall that tTq is unitarily equivalent to GNS repre- 
sentation of {A, cu) . Thus TTq is irreducible if and only if cu is pure. So for a 
pure state cu, for each k & Hq, iTk being quasi-equivalent to tt^, Tr^ is a type-I 
factor representation of 7r(UHFd ® UHF^;)". This completes the proof. ■ 
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The following theorem is the central step that will be used repeatedly. 

THEOREM 3.5: Let uo be an extremal translation invariant state on A and 
il^ be an extremal element ip in K^. We consider the Popescu elements (AT, '■ 
1 < k < d,Ai,Vt) as in Proposition 2.4 for the dual Popescu elements and 
associated amalgamated representation tt of Od®Od as described in Proposition 
3.1. Then the following hold: 

(a) 'K{dd®Od)" = B{n 

(b) Q = EE is the support projection of the state ip in T:{Od)"E and also in 
7r{Od)"E where E and E are the support projections of the state ip in n{Od)" 
and n{Od)" respectively; 

(c) u is pure on A if and only if ((>o{Tn{x)Tn{y)) — > 0o(2;)0o(l/) as n — > oo 
for all x,y e M where M = {vi = PSiP : 1 < i < d}" and t{x) = 
T,i<k<d'^kxvl, X e M; 

(d) cu is pure on A if and only if P is also the support projection of ip in 

(e) u is pure on A if and only if if is a fine subgroup of S^. 

(f) If u is pure then we have 
{i) E ^ F and E ^ F; 

(ii) P^Q. 

(g) If cu is pure then the following statements are equivalent: 

(i) M'^M where M = {P^^P : 1 < i < 4"; 

(ii) 7r(C»,)' = TTiOd)". 

(iii) 7r^(^ii)' = 7r^(^L)"; 

PROOF: (a) is a restatement of Proposition 3.2 (a). 

By our construction in general 7r{Od)" Q T^{Od)'- Before we aim to prove 
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the reverse inclusion we state few general points now. To that end let E and 
E be the support projections of the state -0 in '^{Od}" and 7r{Od)" respectively. 
We set von-Neumann algebras Afi = 77(00)' E and J\f2 = 7r{dd)"E. Note that 
it is enough for n{Od)' — T^iOa)" if we prove that A2 — Mi- That it is enough 
follows as E being the support projection of the state on the factor 7i{Od)", 
we have E > [^{Od)^] and hence A^i^E) | / as n ^ 00 because Q is cyclic for 
7r{Od (8) Od) in 7i (8) Til. Hence two operators in 7r{Ody are same if their actions 
are same on E. Further we note that Q — EE e A2 ^ A/i. and claim that Q is 
the support projection of the state t/j in J\f 2. To that end let xE > for some 
X e niOd)" so that ij{QxQ) = 0. As A^{xE) > for all k > 1 and A^'(E) I 
we conclude that x > 0. As EQ = fl and thus ijj{ExE) = ip{QxQ) = 0, 
we conclude ExE — 0, E being the support projection for 7r{Od)"- Hence 
QxQ — 0. As = 1, we complete the proof of the claim that Q is the 

support of ip in Similarly Q is also the support projection of the state 
in TiiOd)" E. This completes the proof of (b). 

As £^ e Ti{Od)" and E e 7r{Od)" we check that von-Neumann algebras 
Ml = QTT{Od)"Q and Ml = Q-K{dd)Q acting on Q satisfies Mi C M'l- Now 
we explore that T:{Od® Od)" — B{H H) and note that in such a case 
Q7r{Od'SiOd)"Q is the set of all bounded operators on the Hilbert subspace Q. 
As E e n{Od)" and E e 7r{dd)" we check that together Mi = Q7r{Od)"Q and 
Ml = Q'^{Od)Q generate all bounded operators on Q. Thus both Mi and Mi 
arc factors. The canonical states on Mi and Mi are faithful and normal. 
We set Ik — QSkQ and Ik — QSkQ, 1 < k < d and recall that Vk — PSkP 
and Vk — PSkP, 1 < k < d. We note that PlkP — Vk and PlkP — Vk where 
we recall by our construction P is the support projection of the state ip in 
7r(Orf)J'[7r(Crf)fi]. Q being the support projection of 7r{Od)E, by Theorem 2.4 
applied to Cuntz elements {SiE : I <i < d}, iiiOd)' E is order isomorphic with 
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M'l via the map X QXQ. As the projection F = [7r(C>d)"fi] G vr(Cd)', we 
check that the element QFEQ e M[. However QFEQ = EEFEE = QPQ = 
P and thus P e Ai;. We also check that Mi^ = A^iPQ = PMi^ = AIQ 
and thus P — [M.iO\. We set M. for the von-Neumann algebra generated by 
{vk : 1 < A; < c?}. Note that PMiP C 7W and unless P is an clement in TWi, 
equality is not guaranteed for a factor state ui. The major problem is to show 
that P is indeed an element in A4i when a; is a pure state. 

To that end we need to set few additional notations. We set 

Mq = {x & M: (3z{x) =x;z e H} 

and 

{M')o = {xeM': (3,{x) = x, ze H}. 

Similarly we also set Mo and {M.')o as (P^ '■ z E H) invariant elements of M. 
and (7W')o- Notice that as a set {M.q)' could be different from (7W')o. 

Existence of a 0o preserving norm one projection j^^^fj j3zdz ensures that 
modular operator of 0o preserves M.q [Ta] and so docs on {M.')q. However 
there is no reason to take it granted for A4o to be invariant by the modular 
group of ((A^')o, 0o)- By Takesaki's theorem such a property is true if and only 
if there exists a 0o-invariant norm one projection from (Al')o onto M.q. In the 
following we avoid this tempted route. 

Before we proceed towards that goal, we will first prove that Kolmogorov's 
property [Mo2] is also a necessary condition for the state u to be pure. 

We claim that 

n A"(7r(UHF,)') =7r(UHFrf)'n7r(UHF,)'. 

n>l 
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That A"(7r(UHFd)') C {SiS} : |/| = | J| < oo}' follows by Cuntz relation and 
thus nn>iA"(7r(UHFd)') C 7r(UHFd)'n7r(UHF<i)'. For the reverse inclusion 
let X e EniURFd)' nT^iUUFdYoE. For n > 1, we choose |/| = n and set 
Yn — S}XSi. We check that it is independent of the index that we have 
chosen as Yn = SjXSiS*jSj = SjSiS*jXSj = SjXSj where in second equality 
we have used X e 7r(UHFrf)' and also A"(F„) = j:\ji=nSjS*iXSiS*j = X. This 
proves the equality in the claim. 

Since E e 7r(UHF<i)" and Fk e 7r(UHF<i UHF^)', we also have 
FkEnn>iHA^iiFdy)EFk = FkE{7r{\]RFa<»\]RFayEFk = {ckF^E : Ck e 
17} by purity of the state cu (This the first time we have used that cu is pure ) . 
So £;n„>i A"(7r(UHF,)')£; = E{U, : z e H}"E. 

In particular we have Fq nn>i A"(7r(UHFd)[,£;)Fo = {coFqE, cq e C}. 
Since support projection of the state ip in 7r(UHFrf)Qi? is P, the support pro- 
jection in the restriction to Fq is PFq. But Pq = PFq and is the cyclic space 
[A4of^]. Thus once more by Proposition 1.1 in [Ar2], we get ||^f" — 0o|| ^ 
as n — > oo for any normal state on M'q — P T^{\iFFF 4)' EP ( Here we recall 
by Proposition 2.4 PT^{Od)'P — M.' as P is also the support projection in 
7r{Od)"F ), where commutant is taken in B{ICo). By duality [Mol] we conclude 
that (po{Tn{x)rn{y)) <Po{x)(po{y) as n ^ cx) for all x,y E Ado C i3(/Co)- This 
completes the proof that Kolmogorov property is also necessary for the state 
uj to be pure [Mo2] . This completes the proof of (c) . 

First we will prove that cu is pure if P is also the support projection of 
the state t/j in 7r{Od)"F, where F — [7r(Od)"Q]. The support projection of t/j 
in 7r{Od)"F is EF and thus we also have P — EF by our hypothesis. Since 

A"(P) = A^'{E)F t F and now A"(P) = EA"(F) t ^ as n t 00, we also have 
F = E. Similarly we also have for each n, EA^{F) = K^[E)F and thus taking 
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limit we also get E = F. 

So we have P = EF = EE = Q. M = PTi{Od)"P is cyclic in K, i.e. 
[Mn] = [P-K^OdYP^ = PF = PE = P as F = E. 

However fln^oo A"(7r(UHFd)) = 7r(UHFrf)" n 7r(UHFd)' ( for a proof which is 
simple application of Cuntz relation, we refer to section 5 of [Mo2]) . Further 
■0 being a factor state in K^i, by Proposition 3.2 7r(UHF(i)" is a factor. In 
particular we have fln^oo -^"(^(UHFd))F = CF. Thus by Proposition 1.1 in 
[Ar2] we conclude that 1 1^ o f„ — 0o| I — > as n ^ oo for all normal state ^ 
on Mo where Mq = P7r(UBFd)"FP as F = E. Note that Mo C M'^ where 
Mo = Pn{l]RFd)"P. Further Mo ^ {x e M : I3^{x) ^ x;z e H} and 
Mq — {x e M : (3z{x) — x]z & H}. Further if we set Pq = [Ato^^] then 

Po = [Mo^] as [Mn] = P = [Mn]. 

For X e M, y G M' we have 

M^{x)y) = Z] < viii,xviyn >= XI < vin,xyvin > 

k k 

(as = -y^n ) 

= 5Z < ^,xvkyvlQ >= 4)o{xT{y)) 

k 

The KMS dual of (Al, f, 0o) is given by {M', r, 0o) where T(a;) = J2k "^kxvl for 
X e where commutant is taken in B{K). Now moving to {/^^ : 2; e H} 
invariant elements in the duality relation above, we verify that KMS-adjoint 
Markov map of (A^o, t", <^o) is given by (A^q, t, 0o) where M'q, the commutant 
of A4o is taken in i3(/Co) and /Co is the Hilbert subspace Po- 

Thus by Proposition 3.4 in [Mo2] wc have (t)oijn{x)Tn{y)) <Po{x)(t>o{y) as 
n — > 00 for all x,y G M'^ C B{K,o). In particular same holds for x,y E Mo Q 
M'q C B{)Co) and by Theorem 5.5 in [Mo2], we conclude that the inductive 
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limit state uj of (UHF^, A, u') -^^ (UHF^, A, ui') i.e. 6, uj) is pure on A. This 
completes the proof for "if part" of (d). 

Now we get back to the main body aiming to prove (e) and converse part 
of (d). As a first step we claim that if is a finite cyclic group if uj is pure. 
Suppose not i.e. H — and is a singleton set by Proposition 2.6. Further 
as a first step we check that auto-morphism 

defined by Pzi,z2i^i ® ^j) — ^i^i ® ^2Sj is ■0-invariant: 

for some 2; e 5"^ so that ^l-^'l+l^'l-l-^l-l-^'l = Thus we verify our 

claim as H — by our starting assumption. As ip be Ps'^xS'^ invariant, there 
exist unitary operators ^7^1,22 on Ti (S)ic Ti- satisfying 

u,,,zMx)u:„z2 = APz„zAx)\ u,„,,n = a 

By Proposition 2.5 applied to Cunzt algebra Od^Oa with factor state ip, we 
get /S^ixsi invariant elements are 7r(UHFd(g)UHF(i)" i.e. 7r{Od<S>Od)" n{Uzi,z2 '■ 
zi, Z2 e S^y — 7r(UHF(i (8) UHF^)". being a factor state we also have 7r{Od ® 
Od)" = B(n n) by (a) of this proposition. Thus 7r(UHFd ® UHFrf)" = 
{Uzi,z2 '■ zi,Z2 G S^y. Note by our definition that Uz = Uz,z for all z & 
and also u) being pure by Proposition 3.4 I — Iq. Since {Uz : z & S^} 
commutes with C4i,22 : Zi, Z2 & S^} we get from above that {Uz : z E S^} C 
7r(UHFd UHFd)" and thus I = 7r(UHFd (g) UHF^)" by Proposition 3.4 (b). 
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Now we conclude by Proposition 3.4 (a) and equivalnce statements (c) and (d) 
of Proposition 3.4 that 

This brings a contradiction as shown below. 

We consider the restriction of tt to UHF^ ® UHF^ and the Fourier decom- 
position of a, with respect to it's commutant i.e. {Uz : z = {zi, Z2) E x S^}" 
which is a commutative algebra with vr-irreducible spectral projections ^'^.n 
on the subspace Ti.m,n- 

TT — \^ r^r^F 
'^zi,Z2 / ^ ^1 ■^2-'-'m,n- 

SO that Tt = ®m,ne^T^m,n and tt = ®m,ne^^m,n Fourier co-efficients ensures 
that TTk,i and TTm,n are unitary equivalent if and only iik = m and / = n. 

Since U^-^^z^SiUl^^^,^ = Z2Si and U-^^^z-iSiU*^^^^ = ZiSi, we may write 
A(f/2i,^2) = ^2Uz^,z2 and A{Uz^^z2) = ^iUzuZ2- Thus we have A{Em,n) = Em,n-i 
and so by Cuntz relation E^^^Si — S^E^^n-i- Similarly we have A{Ejn,n) — 

Em-l,n and Ejn,nS* — S*Ejn^n-l- 

Now we recall by Proposition 3.4 that Fq = [7r(7r(UHFd UE.Fd)"fl] as 
a; is a pure state and thus Fq < £'0,0 ■ Also recall exphcit describtion Fk for 
pure u) to conclude F^ < £^o,fe- ^ being pure by Proposition 3.4 we also have 
J2k Fk = I and thus we arrive at X^fc -^o.fc = I ■ This brings a contradiction as by 
our construction Em,n are all mutually orthogonal non-zero projections. Hence 
we arrived at a contradiction to our starting assumptiona that H — and uj 
is pure. This completes the proof that if is a finite subgroup of when uj is 
pure. 

Conversely if H is finite say trivial we get by (a) that u is pure. For H — 
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{z : = 1} finite but not trivial, we consider ip restricted to Cuntz algebra 
= Od-n and state u to C* algebra UHF^^n (g) UHF(in which is isomorphic to 
A. a; is a factor state on UHF^ ® UHPj by Power's criteria where we used 
shift Thus the case is reduced to the situation where gauge group for '4>\0^ 
is trivial. We conclude that is a pure state on UHF^ ® UHF^ which is 
isomorphic to UHFj^ ® UHF^i by Glimm's invariance. This shows that uj is pure 
on A and completes the proof of (e). 

Now we aim to prove F — E uj is, pure, uj being pure, H is not equal to 
hj the paragraph above. Thus without loss of generality we may assume 
for the proof of the equality that H is the trivial subgroup. ( otherwise we 
replace Od by and Od by . We set unitary operator V = J^k^kSl- 
Since p,{V) = V for aWz e H,V e 7r{tildeV}iFd ® UHF^)" by Proposition 
3.4 as a; is pure. That is a unitary operator follows by Cuntz's relations and 
commuting property of (Si) and (Si) . Further a simple computation shows that 
V7r{x)V* = 7r{e{x)) for all x e A ^ Al Ar , identified with UHPd ® UHPd 
and 9 is the right shift. 

VEV*^J2SkSlESl,Sk' 

k,k' 

= A{E) > E 

So V{I - E)V* < I - E, i.e. (/ - E)V*E = 0. Also for any X e Tr{dd)" 
we have V*FXn = Efe SkXSin and thus VFV* > F. We set two family of 
increasing projections for all natural numbers n & Z as follows 

En = VEivy, Fn = VFivy 

We claim that {V'',En-\Q, >< Q|, n eZ) and |Q >< n\,neZ) 

both admits Mackey's imprimitivity relation for the group Z \i uj is pure. All 
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that we need to prove En \^ >< f2| as n — —oo and F„ — / as n ^ oo ( 
since < E^). E^ is the support projection of the state u; in ^"^(7r(UHFd)") 
and the main result in [Mol] shows that E^ — > |il >< 0,\ asn— > — ooif 
Kolmogorov's property ( i.e. (/)o{T'^{x)T'^{y)) (l)o{x)(l)o{y) for all x,y e Mo 
which is now equal to Ai as we assumed H is trivial ). Thus we arc left to 
prove F„ — >• / as n ^ cxo. F„ is equal to [9"-{']T{\]'HF(i))fl] and thus Fn ^ I SiS 
n^oo follows as [7r(UHF<i UHF<i)0] = /. 

For a cardinal number n e Ho, we amplify the representation tt to n many 
copies: utt — ®i<k<n'^k is acting on nH — ®i<k<nHk defined by 

n7r(x)(©Cfe) = ©(7r(x)Cfe) 

where tt^. = vr is the representation of ^ = UHF^ ® UHF^ on = H where 
H = [7r(UHF<i (g) UHFd)n]. We also extend F = ©F„, ^ = and V = 

®i<fe<nVfe respectively. We also set notation Q,k — ®i<k<n5^^- 

Thus by Mackey's theorem, there exists a cardinal number n e a-nd an 
unitary operator U : nH nH so that V — UVU* and E — UFU*. We set a 
representation tt" : ^ — > B{nH) by 7r"(x) = Un7r{x)U* and rewrite the above 
identity as 

where 7r^(a;) = U7rk{x)U*. Note that by our construction we can ensure UQk — 
Qk ioT all 1 < < n as the operator intertwining between two imprimitivity 
systems are acting on the orthogonal subspace of the projection generated by 
vectors {0,k : 1 < k < n}. 

We claim E — F. Suppose not i.e. F < E. In such a case we have 

®l<fc<n[7'"A;(UHFd)'f^fc] < ®l<k<n[T^k 
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Thus in principle we can repeat our construction now with tTu and so we 
get a strict partial ordered set of quasi-equivalent representation of A. In the 
following we now aim to employ formal set theory to bring a contradiction on 
our starting assumption that F < E. 

To that end we need to deal with more then one representation of A. For 
the rest of the proof we reset notation ttq for tt used for the pure representation 
of ^ in i^o = [7ro(v4)f2o] where VLq is the cyclic vector, the reset notation for Vt. 

Let V be the collection of representation (tt, Vt) quasi-equivalent to 
ttq : A ^ B{Hq) with a shift invariant vector state u!{x) =< fl,TT{x)fl > 
i.e. u!{Tr{9{x)) =a;(7r(x)). 

So there exists minimal cardinal numbers n7r,no(7r) G so that Ut^H.,^ is 
unitary equivalent to no(7r)7ro. Thus given an element (tt, VL) we can as- 
sociate two cardinal numbers and no(7r) and without loss of generality we 
assume that H^^ C no(7r)i?o and Ut^Ht^ — no{Tr)Ho. ttq being a pure representa- 
tion, any element tt G P is a type-I factor representation of A. The interesting 
point here that ©TrepTr is also an element in V with associated cardinal numbers 
E,r^7r and E,r^o(7r). 

We say (tti. Hi, fl^) « (712, H2, fl"^) if there exists an isometry U : Ut^^Hi 
n,r2-f^2 so that 

(a) For each 1 < a < we have UQ}^ — Q^, for some 1 < a' < tIt^^] 

(b) n.„^'K2{x)E2 = f/n^j7ri(j;)[/* where E2 G nT:^Ti2{A)'; 

(C) ©l<a<n.,K(UHFd)'l^i] < ©i<«<n.,K(UHFd)'f]2]^/. 

In the inequality we explicitly used that both Hilbert spaces are subspaces of 
uHq for some larger cardinal number n. That the partial order is non-reflexive 
follows as (tt, H, VL) « (tt, H, fl) contradicts (c) as / = E'2. 
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By our starting assumption that F E we check that ttq << tTu- Thus 
going via the isomorphism we also check that for a given element tt & V there 
exists an element n' E V so that tt << n'. Thus Vo is a non empty set and has 
at least one infinite chain. 

Partial order property follows easily. If tti << 7r2 and 7r2 << tts then tti << 
TTa. If Ui2 and U23 are isometric operators that satisfies (a)-(c) respectively, then 
Ui3 = U23U12 will do the job for tti and n^. 

However by Hausdorff maximality theorem there exists a non-empty max- 
imal totally ordered subset Vo of V. We claim that iTmax = ©TrePo""" 
H^max — ®7rePo-^7r IS au upper bound in Vq. That iXmax is obvious. Further 
given an element (ifi, tti, Jli) e Vq there exists an element (if2, t^i, ^^2) £ Vq so 
that TTi << 7r2 by our starting remark as ttq << 7r„. By extending isometry U12 
to an isometry from Hi — > Ut^^^^Hj,^^^ trivially we get the required isometry 
that satisfies (a),(b) and (c) where cardinal numbers n^^^^^ = Z^TrePo ^tt ^ ^o- 
Thus by maximal property of Vq we have i^max G ^o- This brings a contradic- 
tion as by our construction {-Kmax, H^max, ^) « {nmax, H^^^^, 9) as -Kmax e Vq 
but partial order is strict. This contradicts our starting hypothesis that F < E. 
This completes the proof that F — E. 

By the symmetry of the argument we also conclude that F — E where we 
need to change the direction of the automorphism 9 to it's reverse direction. 
Hence P = Q. 

Now we remove that assumption that H is trivial. By our construction 
= [7ro(UHF)'f^][7ro(UHFd)'0] as £; = [7r(UHF)'0] and E = [7r(UHFd)'0] 

and Q = EE. On the other hand P ^ EE where F = [7r(C>d)"Q] and thus 

Po = [7ro(UHF)'Q][7ro(UHFd)"Q]. 
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So by the proof above we have Pq = Qo . Now we write the equahty Pq = Qo 
as EFFq — EEFq and apply A on both side to conclude that A{E)FFi — 
A(E)EFi and multiplying by E from left we get EFFi = EEFi as A(E)E = E 
and thus we get PFi — QFi. By repeated application of A, we get PFm — 
QFjn- Thus wc get P = J2k PFk = J2k QFk = Q- This completes the proof for 
P = Q. Similarly F = Efe FFk = Efe EFk = E and also F = E. 

Now we arc left to prove the equivalence of those three statements given in 
(g). We appeal to the commutant lifting Theorem 2.1 for Cuntz elements {SiE) 
to conclude that the self adjoint elements in ET:{Od)'E are order isomorphic 
with self adjoint elements of QT:{Od)'Q ( here we have used that Q is the 
support projection of the state iIj m. J\f\ ) which is equal to Ai'^ — Ai' as 
P = Q. However QE7r{Od)"EQ = Mi = M and E7r{Od)"E C ET^{dd)'E. 

If (i) of (g) is true i.e. M' = A4 then by order isomorphic property that 
self adjoint elements in E'K{(Dd)'E are equal to the self adjoint elements in 
ET:{Od)" E. Since both are von-Neumann algebras in their own right, we con- 
clude Ml — M- This completes the proof for (i) implies (ii) in (g) by our 
starting general observation stated at the beginning of the proof. That state- 
ment (ii) implies (i) in (g) is obvious as P = Q G n{Od)"F once we look at the 
corner von-Neumann algebras. 

We are left to prove equivalence with (iii). Wc recall pure representation 
TTo on Fq. We have 7ro(UHFrf)" C 7ro(UHF<i)' and the above argument says that 
self-adjoint elements in 7ro(UHF(i)" is order isomorphic to self-adjoint elements 
of M.0 and self-adjoint elements of 7ro(UHF(i)' is order isomorphic to that of 
M.Q. That (i) of (g) implies Mo — M'q is obvious. Thus by order isomorphic 
property (i) implies (iii). Conversely we claim (iii) ensures that 7rfc(UHFrf)" = 
7rfc(UHF)' where tt^ are pure representations of UHF^ ® UHF,^ defined as in 



53 



Proposition 3.4. It is good enough if we show for k = as endomorphism 
A will push forward the property as in Proposition 3.4. However for /c = 
it is precisely Haag duahty property (iii). Thus we have P7rfe(UHFrf)"P = 
P7rfc(UHF)'P i.e. {x E M' : (3,{x) = z^x, z e H} ^ {x e M : (3,{x) = 
z^x, z e H}. Since M.' and M. arc the von-Neumann algebra generated by 
the elements in these respective subsets, we conclude that M.' = M.. This 
completes the proof. ■ 

The merit of the results in Proposition 3.5 is well understood once we note 
that for a factor state u if M'l — Mi, then Q, is also cyclic for Mi and as 
P e M'l, we have P & M. Q being the support projection of normal state 
in Tr{Od)E, we get P = Q. However the canonical trace on A indeed gives an 
example where M'l is not equal to Mi though M' = M in such a spacial case. 
Thus pureness of cu is crucial in Proposition 3.5. 

Since A"(UHFd)"F) = 7r(UHFrf)" n 7r(UHFd)'F by Cuntz's relation. 
Pq being the support projection of ip on 7r(UHF(i)"F, we also have by Propo- 
sition 1.1 in [Ar2] that | j^r" — 0o|| — > as n — > oo for any normal state ^ on 
Mo Q B(/C) if and only if a; is a factor state. Thus the asymptotic property 
studied extensively in [Ar2] is a weaker property then Kolmogorov's property. 
Further Kolmogorov's property is a necessary and sufficient condition for the 
Markov shift to be unitary equivalent to free shift on L'^{Z) upto a multiplicity 
{H being separable it is countable ). 

We warn here an attentive reader in general for a factor state cu, the set 
F7r{Od)"F, which is a subset of FT^{Od)'F, need not be an algebra. How- 
ever by commutant lifting theorem applied to dilation Vi SiF, Ti^OdYF 
is order isomorphic to M' as P = EF is the support projection. Thus the 
von-Neumann sub-algebra generated by the elements Ft:{Ocl)"F is order iso- 
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morphic to Ai. However Aio may properly include Aloo = {-P7r(UHFd)P}" ( 
as an example take to be the unique KMS state on Od and cu be the unique 
trace on A for which we get A^oo — C and P7r{Od)"P is the hnear span of 
{v}, I, vj : \J\ < 00} . Thus in such an example we have proper inclusion. In 
fact our main theorem and order isomorphism property says that the inclusion 
is proper if and only if cu is not pure. 

Proposition 3.5 (g) says that Haag duality for uj is true if and only Ai' = Ai. 
fl is cyclic and separating for both Ai' and Ai. Further relative commutant 
of Ai in A4' is trivial. If the modular automorphism group (at) of Ai' also 
preserves Ai then modular operators of Ai is the restriction of the modular 
operators for A4'. Thus analytic elements a^ix) e A4 ii x e Ai. Thus we get 
JvkJ = a^{vk) e M. Since M = {vk : I < k < d}" and J MM = M' we 
arrived at Ai = M' . At this stage it is not clear how we can ensure existence 
of a norm one projection from M' to M directly and so the equahty M' — Ai 
even when a; is a pure state. Further interesting point here that the equality 
M = M' hold when uj is the unique trace on A vl = SI and JvlJ = ^Sk 
for al\l<k<d. 

In the following we investigate cu with some additional natural symmetry 
sufficient for equality M = M'. 

Let be a A-invariant state on and ip be the state on defined by 

i>{siSj) = V(sj4) 

for all |/|, I J| < 00 and {7i^, tt^, fl^) be the GNS space associated with {Od, 
That ip is well defined follows once we check by (3.1) that 

i^isjs}) = 0o(vjv|) = Mviv*j) 
and appeal to Proposition 2.2 by observing that cyclicity condition i.e. the 
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closed linear span Pq of the set of vectors {vjQ : |/| < 00} is /C, can be ensured if 
not true already by taking a new set of Popescu elements {PoVkPg : 1 < k < d}. 
Otherwise one may also recall that the map s/s} — > vjv} being unital and 
completely positive [Po] ( in particular positive ), is a well defined state on 

Similarly for any translation invariant state a; on ^ we set translation in- 
variant state cD by reflecting around the point | on ^ by 

for all n,l > 1 and Q-;, --Q-i, Qo, Qi, ■■, Qn G Mn{C) where Q^^-* is the matrix 
Q at lattice point k. We define a; on ^ by extending linearly to any Q e Aioc- 

Note first that the map '0 — > is a one to one and onto affine map in the 
convex set of A invariant state on Od- In particular the map ^ ip takes an 
element from K^j to and the map is once more one to one and onto. Hence 
for any extremal point ip G K^^, ip is also an extremal point in Kc^. Using 
Power's criteria we also verify here that u) is an extremal state if and only if 
uj is an extremal state. However such a conclusion for a pure state uj is not so 
obvious. We have the following useful proposition. 

PROPOSITION 3.6: Let u be an extremal translation invariant state on 
A and — > be the map defined for A invariant states on O^- Then the 
following hold: 

(a) ip G K^^ is a factor state if and only if G Kc^ is a factor state. 

(b) A Popescu systems (AT, vjt, 11) of satisfies Proposition 2.4 with 
(7rV)(sifc), 1 < A; < P, Jl) i.e. the projection P on the subspace K, is 
the support projection of the state '4> in 7r{Od)" and Vi — P7r^{si)P for all 
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1 < i < d, then the dual Popescu systems {JC, Ai' ,Vk,^) satisfies Proposition 
2.4 with {n^{sk), 1 < k < d, P, fl) i.e. the projection P on the subspace K. 
is the support projection of the state ■0 in 7r^{Od)" and Vi — P7r^(sj)P for all 
1 < i < c?, if and only if {x e B(/C) : X^j. Vkxv^ — x} — M. 
(c) u is pure if and only if oj is pure. 

PROOF: Since u is an extremal translation invariant state, by Power's cri- 
teria OJ is also an extremal state. As an extremal point of is map to an 
extremal point in K,:, by one to one property of the map ip ^ ip, we conclude 
by Proposition 2.6 that t/j is a, factor state if and only if is a factor state, (b) 
follows by the converse part of the Proposition 2.4 applied to the dual Popescu 
systems {JC, M.' ,Vk,^)- This completes the proof for (b). 

For (c) we recall that pureness of lo ensures that EF — EF — P is also 
the support projection for the state ip ( in our notation in section 3 we used 
ip instead ijj ) in 'K{Od)"F. Thus pure property of d) will follow once we verify 
Kolmogorov's property of (A4o, f, 0o) which is equivalent to Arveson's criteria 
W^Tn — 00 1 1 — > as n — > oo of the KMS adjoint map [Mo2, see also Theorem 
5.3 in Appendix]. Factor property of u; says that f]n>i A"(7r(UHFd)) = 17 and 
thus by Proposition 1.1 in [Ar2] we complete the proof. Note in the proof 
pureness is used only to ensure that P = EF. m 

Thus the state uj is translation invariant, ergodic, factor state, pure if and 
only if UJ is translation invariant, ergodic, factor state, pure respectively. 
We say cu is lattice symmetric if uj — cu. 

For a A invariant state ip on Od we define as before a A invariant state ip by 

i>{sis*j) = ij{sjs*j) (3.5) 
for all |/|, I J| < oo. It is obvious that £ -f^w' if and only if e Xj:,/ and the 
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map -0 — > is an affine map. In particular an extremal point in K^' is also 
mapped to an extremal point of i^^^/ . It is also clear that ip e Ki_^> if and only if 
cu is lattice symmetric. Hence a lattice symmetric state cu determines an affine 
map ip ^ ip on the compact convex set K^^/. Furthermore, if cu is also extremal 
on A, then the afSne map, being continuous on the set of extremal elements 
in K^i, which can be identified with S^/H = or {1} (by Proposition 2.6 ) 
z ^ i/jj3z being fixing an extremal element ip e Kf^^i for the time being ). 

There exists zq e so that ip — ipPzo and as P(3z — PPz for all z e S^, we 
get the affine map taking ipfiz ^ ipPzoPz and thus determines a continuous one 
to one and onto map on S^/H and as ip — t/j its inverse is itself. Thus either 
the affine map has a fixed point or = 1 i.e. it is a rotation map by an angle 
27r ( Here we have identified S^/H with in case H ^ ). Thus there exists 
an extremal element e K^i so that either i/j = i/jf3(^ where ^ is either 1 or —1 
where we recall that we have identified S^/H — when H ^ S^. Note that if 
we wish remove the identification, then for H — {z : z^ — 1\ for some n > 1, 
C, is either 1 or exp^ . Note that in case H — Si then i/i = -0 for '0 e K^i as 
K^^ is a singleton set by Proposition 2.6. 

PROPOSITION 3.7: Let a; be a translation invariant lattice symmetric 
state on A. Then the following hold: 

(a) If cu is also an extremal translation invariant state on A then H — {z & 

: i/jPz — '0} is independent oi t/j E K^i. 
{\)) II H — {z : z^ — 1} for some n > then = ■0/3^ for all e K^^i where C, is 
fixed either 1 or exp^ . Let {H, Sk, 1 < k < d,fl) he the GNS space associated 
with {Od, Phe the support projection of the state -0 in n{Od)" and IC = P7i 
with Popescu systems {]C,M.,Vk, 1 < k < d, fl) as in Proposition 2.4 where 
Vk — PSkP and associated normal state 0o on Al = {vk^v^l, . 1 < k < d}" 
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is invariant for t{x) = J2k'^kxvl.. Let {Ti., Sk 1 < k < d,Q) he the Popescu 
minimal dilation in Theorem 2.1 of the dual Popescu systems {]C,Ai,Vk, 1 ^ 
k < d, Q) defined in Proposition 3.2. Then there exists a unitary operator 
U^-.H^kT-Cso that 

u*^u^,u^n^n, Ui;SkU* ^ (3^(Sk) (3.6) 

for all 1 < k < d. Furthermore if uu is also pure then there exists a unitary 
operator u,^ : K, ^ K, so that 

u^fl = fl, u^Vkul = (5^{vk) (3.7) 

for all 1 < A; < d and Uc^Ju*- = J, m^A^m* = A~^, — and Ui^Mu*^ — 
M', u^Muc^ = M. Moreover M' = M. 

Further if ^ = 1 then uc^ is self- adjoint and otherwise if C 7^ 1 then is 
self adjoint. 

(c) Further \l H — then K^i is having only one element i/j, so i/j — ip and 
(3.6) is vahd with C = 1- 

PROOF: (a) follows by Proposition 2.6. Now we aim to prove (b). For 
existence of an extremal state i/j e K^/ so that -0 = V'/?^ we refer to the 
paragraph preceding the statement of this proposition. As (ipPz) = i'l^z for 
all 2; e 5"^, a simple application of Proposition 2.6 says that -0 — i^Pc 
extremal points in K^/ if it holds for one extremal element. Hence existence 
part in (b) is true by Krein-Millmann theorem. 

Q is a cychc vector for 7r{Od<SiOd) and thus we define C/^ : H'S'k'H H'S'k.'H 

by 

: SiS*jSrS*j>Q P^{SrS*j,SiS*j)Q 

That C/^ is an unitary operator follows from (3.1) and the dual relation (3.5) 
along with our condition that ^0 = ■0/3,^. By our construction we also have 



59 



U^Sk = f3^{Sk)U^ for all 1 < A; < d. In particular U^7r{Od)"U^ = 7r{dd)". 

Now for a pure state uj by Proposition 3.5 we have P = Q and hence 
UPU* = UQU* = Q = P which ensures an unitary operator = PU(^P on K 
and a routine calculation shows that 

u^vlul = (5-^{vl) (3.8) 

for al\l<k <d. As Ul = we have ul = u^. If C 1, then C^" = 1 and 
thus C/|" is inverse of its own. Thus u^^ is self-adjoint. 

In the following we consider the case C = 1 for simplicity of notation and 
otherwise for the case C 1 very little modification is needed in the symbols 
or simply reset temporary notation Vk for i.e. include the phase factor. 

We denote Ui — u in the following for simplicity. It is simple to verify 
now the following steps uSviv*jfl — uvjVjQ — vjv}Q — Fviv*jQ where SxQ — 
x*Q, xM. and Fx'Q. = x' e M' are the Tomita's conjugate operator. 

Hence uj^^ = J [Sr^u^ i.e uj'u*u/\2'u* = J'A^2 and by uniqueness of polar 
decomposition we conclude that uju* = J and mA^m* = A~5. That uMu* — 
M. is obvious. For uM.u* — M.we note that by our construction USkU* — Sk 
and so U7r{Od)U* — n{Od) and hence projecting to its support projection we 
get the required relation. 

We are left to prove the crucial relation M. — M.'. It is obvious that 
M C M'. However M' = JMJ = JuMu*J = uJMJu* C uJM'Ju* = 
uM.u* = M.. Note that in the third identity we have used that u commutes 
with J. Hence M' = M. ■ 

Before we move to the main result of this section we need to introduce 
another useful concept. If Q = Q^^ ® Q?^^^ ® .... ® (5^+™^ we set Q* = 
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Q Q I (8) .. C?) Q rn where Qq, Qi, Qm are arbitrary elements in 
and Qq,Q\,.. stands for transpose with respect to an orthonormal basis (cj) 
for (not complex conjugate) of Qo,Qit- respectively. We define by 
extending hnearly for any Q e Aioc- For a state to on UHF^ C* algebra <SizMa 
we define a state lj on ®^Md by the following prescription 

OiQ) = a;(g*) (3.9) 

Thus the state uj is translation invariant, ergodic, factor state if and only if cu 
is translation invariant, ergodic, factor state respectively. We say cu is real if 
Cu — cu. In this section we study a translation invariant real state. 

For a A invariant state ip on we define a A invariant state i/S by 

ij{sis*j)=i^{sjs}) (3.10) 

for all < oo and extend hnearly. That it defines a state follows as 

for an element x = J2c{IiJ)siSj we have iIj{x*x) = ip{y*y) > where y = 
J2c{I, J)sjs*j. It is obvious that ip G K^' if and only if ^ G Koi' and the map 
^ — > ■0 is an affine map. In particular an extremal point in Ki_^> is also mapped 
to an extremal point in K^/. It is also clear that ■0 G Ki_^i if and only if cu is real. 
Hence a real state cu determines an affine map ip ^ 'ip on the compact convex 
set Ki^/. Furthermore, if uj is also extremal on A, then the affine map, being 
continuous on the set of extremal elements in K^^i, which can be identified 
with S^/H = or {1} ( by Proposition 2.6 ) by fixing an extremal element 
■00 £ In such a case there exists a unique zo G so that '0o = 'ipoPzo 

Now i/^oPz — ■00/92 for all z E S^, the affine map takes ipoPz — fpoPzoz- If 
2^0 = 1 we get that the map fixes two point namely ■0o and ■0o/3-i- 

Even otherwise we can choose 2; G -S"^ so that z'^ — Zq and for such a choice 
we get an extremal element namely ipoPz gets fixed by the map. What is also 
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crucial here that we can as well choose z E so that z"^ = —zq, if so then 
ipoPz gets mapped into i^oPzoPz — i^oP-z — i^oPzP-i- Thus in any case we also 
have an extremal element t/j e so that ■0 = V/^c where ( e {1,-1}. 

Thus going back to the original set up, we sum up the above by saying that 
a H — {z : z"^ — 1} C and ( e {l,exp^} then there exists an extremal 
element t/j e K^^' so that -0 = -0/?^. 

PROPOSITION 3.8: Let a; be a translation invariant real factor state on 
i^^Md- Then the following hold: 

(a) a H = {z : z"" = 1} C S*^ and C ^ {1, exp^} then there exists an extremal 
element ip e Ki_j> so that ip — -0/3^. Let (7i,7r^(sfe) — Sk, 1 < k < d,fl) he 
the GNS representation of (O^, ■0), P be the support projection of the state 
■0 in 7r{Od)" and {JC,M.,Vk, 1 < k < d,Q) he the associated Popescu systems 
as in Proposition 2.4. Let = Jv^J for all 1 < < c? and (7Y, S'^, P, fi) 
be the Popescu minimal dilation as described in Theorem 2.1 associated with 
the systems {IC,A4',Vk, 1 < k < d,fl). Then there exists a unitary operator 
W^-.n^n so that 

w^n^n, WcSkW^ ^ p^{Sk) (3.11) 

for all 1 < k < d. Furthermore P is the support projection of the state ■0 in 
7r{0(i)" and there exists a unitary operator u?^ on /C so that 

w^fl^^l, W(^Vkwl^ (5-^{vk)^J(5^{vk)J (3.12) 

for all 1 < < d and w^^Jw*^ = J and w^A^w^ = A~^. Moreover if is a 
factor then w*f^ — w^^. 

(b) \iH — ^ K^i is a set with unique element so that ip — ip and relations 
(3.11) and (3.12) are valid with C = 1- 
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PROOF: For existence part in (a) we refer the paragraph above preceded 
the statement of the proposition. We fix a state -0 e K^^t so that -0 = V/^c ^^^^ 
define W ■.H^Hhy 

That is a unitary operator follows from (3.10) and thus W,^Sk — P^{Sk)Wi; 
for all 1 < /c < d. For simphcity of notation we take the case C = 1 as very 
little modification is needed to include the case when ( ^ 1 or reset Cuntz 
elements by absorbing the phase factor in the following computation and use 
notation W for W/^. 

P being the support projection we have by Proposition 2.4 that Ai' = {x G 
B{n) : EkVkXvl = x} and thus M = {x e B{1C) : EkJvkJxJvU = x}. 
Hence by the converse part of Proposition 2.4 we conclude that P is also the 
support projection of the state ■0 in Tt{Od)" ■ Hence W(^PW^ — P. Thus we 
define an unitary operator : /C — > /C by ty^ = PWc^P and verify that 

vl = PSIP 

= PW^(3^{SI)WIP = PW^P(3^{SI)PWIP 

= PWiPp^{vi)Pw*p = wMKH- 

We recall that Tomita's conjugate hnear operators 5", F [BR] are the closure 
of the hnear operators defined hy S : xQ ^ x*Q ior x e A4 and F : yQ ^ y*Q 
for y e A4'. We check the following relations for C = 1 with simplified notation 

Wi = w, 

wSvjVjfl = WVjVjfl = VjVjfl 

— FviVjfl — FwvjVjD, 
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for |/|, I J| < oo. Since such vectors are total, we have wS = Fw on the 
domain of S. Thus wSw* — F on the domain of F. We write S — J ISh 
as the unique polar decomposition. Then F — S* — IShj — J iSr^ . Hence 
wjw*w/^^w* — J/Sr^. By the uniqueness of polar decomposition we get 
wj'w* = J and lutshw* = A^5. Same algebra is valid in case 7^ 1 if we 
reset the notations on the right hand side absorbing the phase factor. In the 
following we repeat it for completeness of the proof as the phase factor could 
be delicate. 

Wi^SvjVjQ = w^vjVjfl = Wi^vjVjW^fl 

= C^^^-\^^vjv*Q = c^^^-\^^Fviv*jn 

= FC^^^+^-^^vivyn for |/|, I J| < 00 
= Fw(^viv*jQ. 

for all |/|, I J| < 00. 

Now we are going to show that is self- adjoint if C = 1 and also if C 7^ 1, 
is self-adjoint. We give the proof in the following for the case C = 1 as the 
proof follows same steps for C 7^ 1 where wc need to replace in the place of 
wi. In the following we take C = 1 and use notation w for wi. We claim that 

wvlw* = vl (3.13) 

for alll < A; < d. 

Note by (3.12) and Tomita's theorem that wM.w* — M.'. However by 
Tomita's theorem we also have JwJ\Aw*J — M. and as J commutes with 
we conclude that wM-'w* = M.. Further the separating property of the vector 
Vt for M. ensures that (3. 13) hold if we verify the following identities: 
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= wJvlVL = JwvlwQ = Jvlfl = vlQ 

Thus wv^w* — v^.. Hence w'^ e M.' and as w commutes with J, w'^ E M.. u 
being an extremal element in Ki^^i we have V = B(JC) by Proposition 3.5 
and as C J\4\ we get that is a factor. Thus for a factor 7W, is a 
scaler. Since wil = Q we get w* — w. This completes the proof. ■ 

A state uj on ^^M^ is said be in detailed balance if u is both lattice 
symmetric and real. In the following proposition as before we identified once 
more S^/ H = in case H ^ and set C, be the least value m. H = so 
that ('^ e H { see Proposition 3.7 for details ) . 

PROPOSITION 3.9: Let a; be a translation invariant extremal state on 
the UHFrf algebra ®^Mrf. Then the following are equivalent: 

(a) UJ is real and lattice symmetric; 

(b) There exists an extremal element ip e Ki^^' so that ip = and ip = 
where C is either 1 or exp^ . 

Furthermore if a; is a pure state then the following hold: 

(c) There exists a Popescu elements (/C, Vk, 1 < k < d,D,) so that cu — cu^ with 
Vk — JvkJ for all 1 < A; < d. 

(d) The map J : H ®^ H H ®k defined by Ti{sis*jSrs*j,)Vt 
7i{si'S*j,sis*j)fl, \I\, \J\, \r\, \J'\ < oo extends the map JT" : /C — > /C to an 
anti-unitary map so that J'KiySijJ — tt (sj) for all 1 < i < o? where 7f is the con- 
jugate linear extension of tt from the generating set (sj), i.e. Tt{sis*j) — 7r{sis*j) 
for |7|, I J| < oo and then extend it anti-linear ly for its linear combinations. 

PROOF: Since u; is lattice symmetric, by Proposition 3.7 ■0 = V/^c fo^ 
i/j e K^^' where C is fixed number either 1 or exp^ for some n> 1. Now we use 
real property of a; and choose by Proposition 3.8 an extremal element ijj G K^/ 
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so that if) = ipl3(^. This proves that (a) imphes (b). That (b) imphes (a) is 
obvious. 

Now we aim to prove the last statements which is the main point of the 
proposition. For simphcity of notation we consider the case C = 1 ^-nd leave it 
to reader to check that a httle modification needed to include the case C 7^ 1 
and all the algebra stays valid if Vk is replaced by I3c_{vk)- We consider the 
Popescu system {JC,A4,Vk, 1 < k < d,Q) as in Proposition 2.4 associated with 
ip. Thus by Proposition 3.7 and Proposition 3.8 there exists unitary operators 
Ui^, on /C so that 

Wt^Vkwl = /3^{vk) = J(3<;{vk)J 

where u*^ = u^, uqJu*^ — J = wc^Jw*^ — J and m^A^m^ = Wj^A^u;^ — 
A~^. Thus 

u^W(;Vkwlu*^ = u^J(5c^{vk)Ju\ = Ju^(3c^{vk)ulJ = J P^{(5c,{vk)J = JvkJ 

(3.14) 

We also compute that 

wc^ucyku*^wl = Wi^(3(;{vk)wl = JvkJ (3.15) 

and 

w^ucVkulw*^ = w^(3^{vk)w*^ = JvkJ (3.16) 

By Theorem 3.2 for a factor state u; we also have M. V M. — B{K). As 
M. C M', in particular we note that At is a factor. So u^w'^u'^w^ e A4' 
commuting also with J' and thus a scaler as At is a factor. As u^ft — = ft, 
we conclude that commutes with w^. 
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Now we set = m^w^ which is an unitary operator commuting with both 
and A5. That commuting with follows as u^W/^A^ — u'^A~^Wi^ — 

Next claim that we make now that is a self-adjoint element . To that 
end note that the relations (3.15) and (3.16) together says that v'^ e M.' and 
as commutes with JT", is an element in the centre of Ai. The centre of 
Ai being trivial as is a factor state ( here we have more namely pure ) and 
v^fl = fl, we conclude that v'^ is the unit operator. Hence is a self-adjoint 
element. 

Our next claim v,^ — 1. As a first step we aim to show that is an element 
in the centre of M. and for simplicity we use the notation v for v,^ in the 
following computation. To that end let 9 be an unitary element in M.' and by 
(3.14) we also have 

eve*VkOve* = jvkJ (3.17) 

By symmetry we also have 

eve*jvkJOve* = Vk (3.18) 

The automorphism ae : x ^ 9v9*x9v9* on A4 is independent of 9 and equal 
to ai{x) — vxv. Since the automorphism cci preserves (po, it commutes with 
Tomita's modular automorphism group and conjugation action. Thus in par- 
ticular (3.17) can be rewritten as 

9v9*Vk9v9* = JvkJ (3.19) 

Thus the unitary operator v*9v9* commutes with both {v^ : 1 < k < d} and 
{vk : 1 < k < d}. uj being a factor state by Proposition 3.2 and our starting 
remark we have M.y M. — B{K) and thus 9v9* — jiv where // is a scaler of 
modulus 1. However v* — v and so we get /i — p, — 1. 9 being an arbitrary 
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unitary element in Ai', we conclude that v & Ai. As v = JvJ G hA' and AA 
is a factor, v is a scaler multiple of 1. As = we get v — \. This completes 
the proof for (c). The last statement (d) follows by a routine calculation as 
shown below for a special vectors. 

^<n, Jviv*jVi>v*j,JVt > 

( as JviJ = Vi) 

— < ViV}Vi'Vj,fl, fl > 

{J' being anti-unitary ) 

=< 7:{si'S*j,siSj)fl,fl > 

For anti-unitary relation involving for more general vectors, we use Cuntz 
relations and the above special cases. The statement is obvious as J' is anti- 
hnear. This completes the proof. ■ 

We set an anti-automorphism J' : Od®Od —>■ Od®Od defined by J[sis*j® 
spSj/) — spSj, sis*j for |/|, I J|, |/'|, I J'l < oo by extending anti- linearly. We 
say a state t/j on Od<Si Od is reflection positive if '\l){J{x)x) > for all x e Od- 
Similarly for a state cu on A. Note that this notion is an abstract version of 
the concept "reflection positivity" of a state introduced in [FILS]. 

THEOREM 3.10: Let a; be a translation invariant factor state on A and 
ip be an extremal point K^^r. We consider the representation tt of (9^ ® Od 
described as in Proposition 3.2. If cu is lattice symmetric pure state then we 
have the duality relation 
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where Al, Ar are C*-subalgebras of A defined as in section 1. 

Further if u is also real then 

(a) H C {1,-1} and uj = LUy where Popescu elements {IC,Vk;l < k < d,fl) 
satisfies the dual relation 

JVkJ = Vk 

i.e. on the domain of the modular operator 

for alll<k<d. 

(b) uj is reflection positive. 

(c) A = / if and only if = v^, 1 < k < d. In such a case A4 is finite type-I 
and spacial corelation functions of cu decays exponentially. 

PROOF: For Haag duality we refer to the proof of Proposition 3.5 (f) where 
we have shown that duality is equivalent to M. — M.'. Thus the result follows 
from Proposition 3.7. 

For (a) we recall from Proposition 3.9 that we have an extremal element ip 
so that associated Popescu elements satisfies the following: 

for all 1 < k < d. As Pzivk) = zvk for all z e H and Pzivl) = zvl for all 
z & H and {Pz : z & H) commutes with modular automorphism, we compute 
the following: 

zvk = Pz{vk) = A'^Pz{v*k)A-'^ = AhvlA-^ = zvk 

for all z e H. 

Thus z — J2k zvkvl — Y^k zvkvl — z for all z e if i.e. H C {1, —1}. 
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For (b) wc recall from Proposition 3.5 that Po7'"(UHFd)"Po = Alo and 
Po7r(UHFd)"Po = Mq- Thus for any x e Arwb write 

u;{xj{x)) =< n,7r{x)7r{J{x))n > 

=< n,P7r{x)PP7r{J{x))Pn >=< n,P7r{x)PJP7r{x)Pjn >> 0, 

where we have used equality 7r( J'(x)) = J'Kix^J from Proposition 3.9. In fact 
this also shows that lo is positive definite i.e. a;(a;j7'(a;)) = if and only if 
x = ( the self-dual Tomita's positive cone {J'aJ'afl : a G M.} [BRl] ) being 
pointed. ) 

We will show the non-trivial part. Assume Vk = vl for all 1 < A; < li. So A 
is affihated to M'. As JAJ = A'^ A is also affihated to M. Hence A = / 
as is a factor. 

In such a case (po is a tracial state on A^. M. being hyper- finite (po is the 
unique trace. Thus Ai is either a type-I finite factor or a type-IIi factor. Now 
we will rule out the possibility for to be a type-IIi factor. It is enough if we 

show that Aio acting on [TWo^] is a type-I finite factor. We appeal to Corollary 
4.4 in [Mo4] to conclude that A4q acting on [A^o^] can not be a type-IIi factor 
as (f)o{Tn{x)Tn{x)) 4'o{x)4>o{y) for all x,y & Mq. This completes the proof of 
the first part of (c) . 

For the last part of (c) is rather elementary. We note that purity of lo 
ensures that the point spectrum of the self-adjoint contractive operator T, 
defined by TxQ = t{x)Q on the KMS Hilbert space, in the unit circle is trivial 
i.e. {z & : Tf = zfior some non zero / G /C} is the trivial set {1} ( as an 
consequence of strong mixing property ). Thus T being a contractive matrix 
on a finite dimensional Hilbert space, the spectral radius of T — \ fl >< Q\ is 
a for some a < 1. Now we use Proposition 3.1 and Proposition 3.9 for any 
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Xi & Al and Xr € Ar to verify the following 

e^^lujiXMXr)) - Uj{Xi)uj{Xr)\ 

as /c — > oo for any 5 > so that e^a < 1 where JxiJ — PXiP and Xr — PX^P 
for some xi,Xr & M.. As a < 1 such a 5 > exists. This completes the proof 
for (c). ■ 

4 Detailed balance translation invariant pure 
state and split property: 



Let be a translation invariant real lattice symmetric pure state on A as in 
last section Proposition 3.9. We fix an extremal element t/^ e K^i so that — 
■0 = V/^c consider the Popescu elements (/C, M., Vi, Q) as in Proposition 3.9. 
P being the support projection of a factor state we have M. — P7r{Od)"P — 
{vk,vl . 1 < k < d}" ( Proposition 2.4 ). So the dual Popescu elements 
(/C, A4', Vk-i^ < k < Vt) satisfy the relation -5^ = Jv^J ( recall that the factor 
C won't show up as two symmetry will kill each other as given in Proposition 
3.9 ) for all 1 < A; < d and so we have 

MJ^Jr{y)) = MJr{x)Jy) (4.1) 

for all x,y G M.. A direct proof for (4.1) also follows from Proposition 3.1 (b) 
as P ^EE and 

< n,vrv*j,viv*jn >=< n,EESrSj,EESiSiS*jS*EEn > 



— < r2, SjiSj/SjSj^} > 



71 



for all |/|, I J|, |/'|, I J'l < oo. 

We quickly recall as Aio is the {f3z '■ z G invariant elements of M.[= 
P7r(C(i)"P), the norm one projection x J^^^j Pz{x)dz from M. onto Mq 
preserves the faithful normal state 0o- So by Takesaki's theorem modular 
group associated with 0o preserves ^o- Further since I3z{t{x)) — t{Pz{x)) for 
all X e A4, the restriction of the completely positive map t{x) = Y.k'^kxvl. 
to M.Q is a well defined map on M.q. Hence the completely positive map 
t{x) — J2k''^kxvl on A4o is also KMS symmetric i.e. 

<< x,T{y) >>=<< r{x),y » 

where x,y E Mq and << x,y »— (l)o{x*ai{y)) and (at) is the modular 
automorphism group on A^o associated with 0o and [A^o^] = Pq where Pq — 
PFq. However the inclusion A^q ^ -M. need not be an equality in general unless 
H is trivial. The unique ground state of XY model in absence of magnetic 
field give rise to a non-split translation invariant real lattice symmetric pure 
state (J and further H — {1,-1} [Mo3]. 

We now fix a translation invariant real lattice symmetric pure state cu and 
explore KMS-symmetric property of {M.o,T,(f)o) and the extended Tomita's 
conjugation operator J on Ti ®jc 'H defined in Proposition 3.9 to study the 
relation between split property and exponential decaying property of spacial 
correlation functions of cu. 

For any fix n > 1 let Q € T:{A[-k+i,k])- We write 

g= Y: q{i',j'\i,J)Si'S*j,SjS} 

\I\=\J\=\r\=\J'\=n 

and q be the matrix q = ((?(/', J'\I, J))) of order d^" x (f"'. m 
PROPOSITION 4.1: The matrix norm of q is equal to operator norm of Q 
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in T:{A[-n+l,n])- 

PROOF: C* completions of n([]BFd (S) UHF^) is isomorphic to A. Thus 
we note that the operator norm of Q is equal to the matrix norm of q where 
q = {{q{r,I\J',J))) is a x d^n matrix with q{r,I\J',J) = q{r,J'\I,J). 
However the map L{q) = ^ is linear and identity preserving. Moreover L^{q) — 
q. Thus ||L|| = 1. Hence ||g|| = ||g||. This completes the proof. ■ 

PROPOSITION 4.2: Let a; be a translation invariant real lattice symmetric 
pure state on UHF^ ^^Md- Then there exists an extremal point ip E K^' so 

that ipfic^ = ijj = ijj where C G {l,exp^} and the associated Popescu systems 
{TijSk, 1 < k < d,fl) and {7i,Sk, 1 < k < d,fl) described in Proposition 3.2 
and Proposition 3.9 satisfies the following: 

(a) For any n > 1 and Q e Tr{A[-n+i,n]) we write 

Q= q{I',J'\I,J)SrS*,S*Sj 

\I'\ = \J'HI\ = \J\=n 

and set a notation for simplicity as 

OkiQ) = E Qil'^ JV, J)^'{SrS},)A'{SjS*j). 

\IHJHI'HJ'\=n 

Then 9k{Q) G ^(_oo -fc]U[ik+i,oo)- 

(b) Q = JQJ if and only if q{r, J'\I, J) = q{I, J\I', J'); 

(c) If the matrix q — ((?(/', J'\I, J))) is non-negative then there exists a matrix 
b = ((&(/', J'\I,J))) so that q = b*b and then 

q = PQP = E Jxk,k'Jxk,k' 

\K\=\K'\=n 

where xk,k' = E/,j: \i\=\j\=nK^, J)viv*j e Mo 

(d) In such a case i.e. HQ — JQJ the following hold: 

(i) U){Q) = Y.\K\=\K'\=n<^^{J^K,K'JXK,K') 
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(ii) Uj{9k{Q)) = J2\K\=\K'\=n4>o{JxK,K'jT2k{xK,K'))- 

PROOF: Since the elements SpS*j,S*jSj : \I\ = \J\ = = \J'\ = n form 
an linear independent basis for 7r(v4.[_„+i,„]), (a) follows, (b) is also a sim- 
ple consequence of linear independence of the basis elements and the relation 
JSrS*j,SiS*jJ = SpS*j,SiS*j as described in Proposition 3.9. 

For (c) we write Q = T,\K\=\K'\=nJQK,K'JQK,K' where Qk.k' = 
T.i,j:\i\=\j\=nbi.Ki 1 J)SiS'j. ijj being pure we have ( Proposition 3.5) 
P = EE where E and E are support projection of ip in 7r(0d)" and 7r(Od)" 
respectively. So for any X e 7r{Od)" and Y e 7r{dd)" we have PXYP = 
EEXYEE = EEYEEXEE = PXPYP. Thus (c) follows as u;{Q) = 0o(?) 
by Proposition 3.1 (b). For (d) we use (a) and (c). This completes the proof. 
■ 

PROPOSITION 4.3: Let a;, a translation invariant pure state on A, be in 
detailed balance. Then the following are equivalent: 

(a) LU is decaying exponentially. 

(b) The spectrum of T — |Q >< Q\ is a subset of [—a, a] for some < a < 1 
where T is the self-adjoint contractive operator defined by 

TxQ = r{x)9,, X e Mo 

on the KMS-Hilbert space << x,y »— (f)o{x*a±{y) >>. 

PROOF: Since T'^xfl = rk{x)fl for x e Mq and for any L e Al and 
R e Ar we have uj{L9k{R)) = (t>Q{JyJTk{x)) =<< y.T^x » where x = 
P7r{R)P and y = JPn{L)PJ are elements in Mo- Since P7r{AR)"P = Mq 
and Pti{Al)"P = Mo = M'q as = M' by Proposition 3.9, we conclude that 
(a) hold if and only if e^^\ < f,T''g > - < /, >< D.,g>\^Qask^oo 
for any vectors f,g in a dense subset V of the KMS Hilbert space. 
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That (b) implies (a) is now obvious since e^^a^ = {e^a)'' — >• whenever we 
choose a (5 > so that e^a < 1 where a < 1. 

For the converse suppose that (a) hold and T'^ — \Q >< Q\ is not bounded 
away from 1. Since — \ fl >< fl\ is a. positive self-adjoint contractive op- 
erator, for each n > 1, we find a unit vector in the Hilbert space so that 
E [i-i/n,i]fn = fn and fn G V, where s E[s,i] is the spectral family of the 
positive self-adjoint operator — |f2 >< f2| and in order to ensure fn we 
also note that E^s,if^ = {Es,i]f '■ f G T^} is dense in E^s,i] ior any < s < 1. 

Thus by exponential decay there exists a 5 > so that 

e2fc^-(l_i)'^ < e^^^^^^^/ < fn,dEJn >= e^"' < /„, [T^" -\n >< n\]fn 

as ^ oo for each n > 1. Hence e^^{l — ^) < 1. Since n is any integer, we 
have e^^ <\. This contradicts that 5 > 0. This completes the proof. ■ 

Now we are set to state our main result in this section. For any Q G t^{A) 
wc set J{Q) = JQJ. Recall that = I. Any element Q = i(Q + J{Q)) + 
^{Q — J{Q)) is a sum of an even element in {Q : J{Q) — Q} and an odd 
element in {Q : Jiff) — —Q). Moreover iQ is an even element if Q is an 
odd element. Also note that ||(5et)en|| < ||Q|| and HQoddll < IIQII- Hence it is 
enough if we verify (1.1) for all even elements for split property. We fix any 
n > 1 and an even element Q G A\-n^\,n\- Wc write as in Proposition 4.2 
Q = E|7'|=|j'|=|7|=|j|=n?(-^', J'V-, J)Sj,Sj>S}Sj. The matrix q = J'|/, J) is 

symmetric and thus q — q+ — q- where q+ and q^ are the unique non-negative 
matrix contributing it's positive and negative parts of q. Hence ||g+|| < \\q\\ 
and 1 1 (7-1 1 < \ \q\\- We set a notation for simplicity that 

OkiQ) = E QiJ'^ IV, J)^\Sr~S*,)K\SiS*) 

\I\=\J\=\I'\=\J'\=n 
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which is an element in ^(_oo,-a;](J[A;,oo) Proposition 4.2 (d) 

(^{OkiQ)) = (t)o{JXK,K'Jr2k{xK,K')) 
\K\=\K'\=n 

provided 

q = {q{r,J'\I,J) is positive, where PQP = T,\K\=\K'\=nJxK,K'JxK,K' and 
xk,k' — '}li,jb{K,K'\I , J)vjv*j and q — b*b. Thus in such a case we have by 
Proposition 4.2 (d) that 

-<^L<8)<^il(4(<3))| = Yl <f>oiJXK,K'J{T2k-(pQ){xK,K')) 

\K\ = \K'\=n 

^ Y « ^K,K', {T - \n >< fl\f''XK,K' » 

\K\ = \K'\=n 

<0?^ Y « Xk,K',Xk,K' » 

\K\ = \K'\=n 

provided \ \T — \ fl >< fl\\ \ < a and so 

< a^'^ouiQ) < a^'^WqW = a^'^Ml 
In the last identity we have used Proposition 4.1. 

Hence for an arbitrary Q for which ^{Q) — Q we have 

\u;{9k{Q))-u;L^u;R{9km\ < + WQ-W) < 2«''||g|| = 2a^''\\Q\\ 

where in the last identity we have used once more Proposition 4.1. Thus we 
have arrived at our main result. 

THEOREM 4.4: Let a; be a translation invariant real lattice symmetric 
pure state on ^ . If the special correlation function of uj decays exponentially 
then cu is split. 

For a pure translation invariant split state cu, it is well known [Ma2,BJP] 
that M. — A4o and Al is a type-I factor. In case Al is a finite type-I factor, it 
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is evident that the spacial correlation function decays exponentially as the cri- 
teria given in Proposition 4.3 can be verified easily as the contractive operator 
T acting on a finite dimensional Hilbert space /C and {Tf — f : f e JC} — CO,. 
Such a pure state is a quantum Markov state [Ac] , which is also known widely 
in the literature as a valence bound state [AKLT]. We defer illustration of our 
main result as non-trivial examples within the frame work in statistical me- 
chanics [Ru,BR2] particularly in condensed matter physics [AL,AKLT] deserve 
a detail analysis leading to some theoretical predictions. For the time being 
interested reader are referred to preprints [Mo3]. 



5 Appendix: 



Let IT be either iR, set of real numbers or ^ , set of integers and ir+ is non- 
negative numbers of iT. Let Tt : Aq ^ Aq, IT^ be a semigroup of completely 
positive unital maps on a von-Neumann algebra Q '^(TYo) with a faith- 
ful normal invariant state 0o- Here we review the construction of stationary 
Markov processed given as in [AM] in order to fix the notations and important 
properties. 

We consider the class Ai of Aq valued functions a; : iT ^ so that Xj. ^ I 
for finitely many supported points and equip with the point-wise multiplication 
{xy)r — XrVr- We define the map L : (Ai, Ai) C hy 

L{x,y) = K2^r^-r2{x*r,yri)yr2)-yrr.-i)yrJ (5.1) 

where r = (ri,r2, ..r„) < r2 < ■■ < r„ is a finite collection of points in Z 
containing both the support sets of x or y. That this kernel is well defined 
follows from our hypothesis that Tt{I) — I, t > and the invariance of the 
state 00 for r. The complete positiveness of r implies that the map L is a 
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non-negative definite form on the set Al- Thus there exists a Hilbert space Ti 
and a map A : Al Ti such that 

< A(x),A(y) >= L{x,y). 

Often we will omit the symbol A to simplify our notations unless more then 
one such maps are involved. 

We use the symbol VL for the unique element in Ti associated with x = {xr — 
/, r e IT) and the associated vector state cf) on B{H) defined by (l){X) —< 

n,xQ >. 

For each t E we define shift operator St : H ^ H hy the following 
prescription: 

{StX)r = ^r+t (5-2) 

It is simple to note that S — {{St, i G iT)) is a unitary group of operators on 
H with Q as an invariant element. 

For any t E IT we set 

Mt] ^ {xe M, Xr ^ I yr > t} 

and Ft] for the projection onto Ht], the closed linear span of {X{M.t])}- For 
any x E Ao and t & Mwe also set elements it{x), G A4 defined by 



it{x)r 



X, if r = t 
/, otherwise 



We also note that it{x) e M.t] and set ★-homomorphisms : Aq — > B{Ho]) 
defined by 

Joix)y = io{x)y 
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for all y e TWo]- That it is well defined follows from (5.1) once we verify that 
it preserves the inner product whenever x is an isometry. For any arbitrary 
element we extend by linearity. Now we define jl'.A^ B{n) by 

jk^) - JoW]. (5.3) 

Thus Jq^x) is a realization of at time t = with = -Fq]- Now wc use 

the shift {St) to obtain the process j f = (j/ : Ao B{n), t e and forward 
filtration F — {Ft] , t E R) defined by the following prescription: 

jI{x) = StjUx)S: Ft] = StFo]S:, teZ. (5.4) 

So it follows by our construction that jl^{yi)3l^{y2)---3l^{yn)^ — U where 
Ur = Un, if r = otherwise /, (ri < r2 < .. < r„). Thus Q is a cyclic vector 
for the von-Neumann algebra A[^oo generated by {j/(a;), r E IR,x E Aq). 
From (5.4) we also conclude that StXSt G A[-oo whenever X e ^[-oo and 
thus we can set a family of automorphism {at) on A defined by 

at{X) = Stxs;. 

Since ^2 is an invariant element for {St), 4> is an invariant state for {at). 
We also claim that 

Fs]j{ix)Fs] = j{{rt-s{x)) Vs < t. (5.5) 

For that purpose we choose any two elements y,y' e X{M.s]) and check the 
following steps with the aid of (5.1) and (5.2): 

< y, Fs]3t{x)Fs]y^ >=< y, it{x)y^ > 

=< y,is{Tt-s{x))y^) > . 
Since X{M.s]) spans Hs] it complete the proof of our claim. 
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For any element ^ G A^, we verify by the relation < yiFt]X=< y,x > for 
all y e Mt] that 



{Ft]X)r = < 



Xr, if r < t; 

^rk-t{---^r„-i-r„-2{'^r„-rn-i{^rn)^rn-i)---^t)j H r — t 

I, ifr>t 



where ri < .. < < t < .. < r„ is the support of a;. The result follows once we 
note that for any &x x,y & H ii t < ri,r[, where ri, r[ are the lowest support 
of X and y respectively, 

< X, Ft]y >=< Ft]X, Ft]y > 

— 0o[('^ri-t(---Tr„_i-r„_2('^r„-r„_i(2^r„)^r„_i)---^ri)) 

Thus Ft] — > Q >< Q| as i — > — oo if and only if (l)o{rt{x)Tt{y)) (f)o{x)(f)o{y) 
as f — > oo for all x,y E Aq. In such a case we have ^[_oo = B{H). Such a 
property is called Kolmogorov's property for (r^) and associated imprimitivity 
systems are called Kolmogorov shift. For details we refer to [Mol]. So far we 
have not used the faithfulness property of 0o- In [Mo2] we have shown that 
the converse i.e. A[-oo — ^CH) imphes F^j — > Q >< Q| as i — > — oo provided 
00 is faithful. 

Following [AM] once more, we will consider the time reverse process associ- 
ated with the KMS-adjoint ( Or Petz adjoint ) quantum dynamical semigroup 

f,0o)- First we recall from [AM] time reverse process associated with the 
KMS-adjoint (Petz-adjoint ) semigroup in the following paragraph. 

Let (f)Q be a faithful state and without loss of generality let also (^Oi 0o) be 
in the standard form {7io,Ao,J^,A,V,u!o) [BrR] where luq £ 'Ho, a cyclic and 
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separating vector for ^o, so that (poi^) =< ^^o, xujq > and the closer of the close- 
able operator S'o : xcoq — > x*u;o, S possesses a polar decomposition 5" = J b}!"^ 
with the self-dual positive cone V as the closure of {^JxJxloq : x e ^0} in "^o- 
Tomita's [BR] theorem says that A^*AA-^* = A, t e R and JAoJ = A'q, 
where A'q is the commutant of Ao- We define the modular automorphism group 
cr = (at, t e iT) on Aq by 

at{x) = A'^xA-'^ 
which satisfies the KMS relation 

for any two analytic elements x, y for the automorphism. A more useful form 
for KMS relation here 

0o((7_i(a:;*)V_i(y*)) = My*^) 

which shows that J^xfl = a_,_{x*)Q. Furthermore for any normal state ijj on 
Ao there exists a unique vector ( &V so that ip{x) =< C,xC >• 

We consider the unique Markov semigroup (r/) on the commutant Aq of Aq 
so that (j){Tt{x)y) — (j){xT[.{ii)) for all x & Aq and y & A!q. Proof follows a stan- 
dard application of Dixmier lemma a variation of Radon-Nikodym theorem. We 
define weak* continuous Markov semigroup (fj) on Aq by ft{x) — Jt[{JxJ^J . 
Thus we have the following adjoint relation 

0o(Tt(a:)(7_i(y)) = 0o((7i (x)ft(y)) (5.6) 

for all x,y & Ao, analytic elements for (at). 

We consider the forward weak Markov processes {7i, St, jt , Ft], F[t, t e 
IT, Q) associated with {Ao, Tt, i > 0, 0o) and the forward weak Markov 
processes {H,St, jt,Ft],F[t, , t e IT, Q) associated with {Ao,ft, t>0, 0o)- 
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Now following a basic idea of G.H. Hunt, as in [AM], here we consider 
the transformation 7i ^ H generalizing Tomita's conjugate operator given by 
x{t) — cr_^{x{—t)*) ior X E H supported on analytic elements of the modular 
automorphism group of 0o- We recall that KMS condition and duality property 
will ensure that such a transformation is anti-inner product preserving and 
thus extends to an anti-unitary operator Uq : Ti ^ 7i which takes x to x. 
Further there exists a unique backward weak Markov processes {j^) , {j^) which 
generahzes Tomita's representation so that 

for — oo < t < s < oo. 

for —oo<t<s<oo. We have the following theorem. 

THEOREM 5.1: [AM] There exists an unique anti- unitary operator Uq : 
7i ^ 7i so that 

(a) Uo^ = Cl; 

(b) UoStU* = S^t for all t e iT; 

(c) Uojiix)Uo = jU^*), Uoj^ix)Uo = jitix*) for all t e IT; 

(d) UoFtPS = F[_t, UoFytU*^ = F_t] for all t G F; 

Exploring Markov property of both forward and backward processes, 
Tomita's duality also ensures the following duality theorem. 

THEOREM 5.2: [Mo2] For each t e A[t = A\, where Ait = {j{{x) : x e 
Ao, s > ty and y^lj = {j^^{x) : x e Ao, s< t}". 

THEOREM 5.3: (po{nix)Tt{y)) <poix)My) as t ^ oo for all x,y e Ao if 
and only if 1 1 "if ft — 4>o\ \ — >■ as t — >• oo for any normal state ^' on Aq 
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PROOF: Note by Theorem 5.2 we have \/A[t = BiU) if and only ii(^A\ = 
C. Thus the result follows by Proposition 1.1 in [Ar2] and the results on 
Kolmogorov's property proved above. ■ 
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